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Abstract

Investigation of brain functions, especially its capacity to learn and adapt
to environmental stimuli, is a central theme in theoretical neuroscience. One
prevalent theory, the Bayesian brain hypothesis, proposes that one of the brain’s
primary functions is to interpret the states of the world through the principles of
Bayesian inference. However, there exists a notable gap between the theoretical
formulation of such hypotheses and their relation to the complex neurobiology of
the brain.

This work attempts to take a small step in closing the gap between theory
and biology by extending the Spike by Spike (SbS) framework. The Spike by
Spike framework is able to derive deterministic spiking neural networks from the
principle of efficiently encoding a stimulus. We show that one can extend the
SbS framework and derive stochastic spiking neural networks from the principle
of performing approximate Bayesian inference.

Our extended framework thereby provides a novel perspective between the
principles of Bayesian inference and its potential biological implementation by
spiking neurons. Furthermore, the framework supplies solid scaffolding to test
theories surrounding the Bayesian brain hypothesis. Additionally, we demon-
strate the ability of small spiking neural networks to perform simple inference
tasks. We discuss the relation of our extended framework to other prominent
Bayesian-inspired theories of brain function, such as predictive coding. And fi-
nally, we discuss its potential relationship to experimental studies, its current
limitations as well as possible directions for future research.



Introduction

In the exploration of natural phenomena, science has always exhibited a fondness for
principles. It likes to reduce the apparent complexity of the universe into digestible
laws and axioms, frameworks with which we can make sense of the chaos. Indeed, we
observe this fondness most strikingly in the field of physics, where all the grandeur of
the universe is distilled into elegant principles. Principles such as Newton’s laws of
motion and Einstein’s theory of relativity have formed the bedrock upon which our
understanding of the physical universe rests.

When we turn our gaze to biology, however, we are confronted with a seemingly
different picture. Biology, with its abundant complexity and intricate networks of in-
teractions, often resembles a messy, undecipherable soup rather than an orderly system
governed by clear principles. It is a science of exceptions, of diversity, and variation,
which at first glance, seems resistant to the kind of simplifying principles we find in
physics.

But to hold onto this impression would be overly simplistic. Biology, particularly
through the lens of evolution, is not devoid of underlying principles. Darwin’s theory
of natural selection proposes that species adapt and optimize in response to their
environment. Through this lens, the biology of a species can be interpreted as the
result of a complex optimization problem, with survival and reproduction within an
environment as its main objective. This reasoning suggests that even in the apparent
chaos of biology, a species will gradually find a way to survive in the most efficient
manner possible.

Neuroscience still has a rich phenomenology that is left unexplained, and we lack
satisfying scaffolding to understand these phenomena. It is here that a principled
approach could prove insightful. A major success of such an approach can be found in
the work of Olshausen and Field [53|. Their research demonstrated how the formation
of receptive fields (the stimulus to which a neuron is most responsive) in the primary
visual cortex can be derived by combining knowledge about its function with a principle
of efficiency. They, therefore, supply us with a clear theoretical lens through which we
can understand a piece of the brain.

For other efforts, we can turn to the fascinating topic of plasticity: how do neurons
change their connections, and in service of what, if any, objective do they adapt?
Neuroscience has a rich history of proposals to explain plasticity. From the famous
work of the Hopfield network [33], a model of associative memory, to the more recent
theories around predictive coding [57, [51} [26], which aims to show how the brain could
form a representation of a noisy world. Plasticity becomes clearly interpretable in these
frameworks, as it is clear what the adaptation aims to accomplish.

Another recent, relatively unexplored effort is given by the Spike by Spike (SbS)
framework [17]. At its core, the framework derives biologically plausible spiking neural
networks from the principle of efficiently representing a stimulus. A unique feature of
the framework is that it respects the characteristic ability of a neuron to spike, which
is often neglected in theoretical neuroscience. It is respect for this feature that makes



the framework particularly unique and well-suited to contextualize not only plasticity
but more general spiking neural network phenomenology, as has been shown in |11} 12,
15], 116, |17}, 62, |48, (18, 4]

This work aims to provide an extension to the SbS framework. We show that one
can derive stochastic spiking neural networks from a general, and natural objective of
performing approximate Bayesian inference. Bayesian Inference is often heralded as
one of the ultimate objectives of the brain, so much so that it inspired the popular
Bayesian brain hypothesis [38, |39, 20]. We hope that this work will provide further
theoretical foundation to better understand the function and form of spiking neural
networks. Particularly we hope that our work, as an extension to the SbS framework,
might offer a stomping ground to test ideas surrounding the Bayesian brain hypothesis.
The work will consist of four main sections.

e The first will provide a background on several general concepts in mathematics
and neuroscience. The section will introduce our notation, discuss a theorist’s
perspective on neurobiology, introduce central principles in theoretical neuro-
science and conclude with a small explanation of variational inference. To read
the text well, it is expected that the background is familiar to the reader.

e The second section will provide an introduction to the SbS framework. We will
start by introducing the conceptual ideas behind the framework, and illustrate
them by deriving a single neuron performing the task of tracking a stimulus
over time. Then, we will show how these ideas generalize to networks of neurons.
Note that these developments are recent and that to our knowledge no conceptual
introductory work exists; as such we took much creative liberty in its exposition.

e The third section contains our main theoretical results, deriving an extension
of the SbS framework. We show how the objective of performing probabilis-
tic inference with spiking networks can naturally lead to networks with similar
architecture to the SbS framework. To this end, we start by building the con-
ceptual and theoretical framework, analogously to our presentation of SbS. We
show, with the help of numerical methods, the efficacy of our derived spiking
neural networks in performing simple inference tasks. The section concludes by
discussing the relation between our framework and that of the prominent theory
of predictive coding.

e In the fourth and final section we will discuss our theoretical results. Our ex-
tended framework is still in its infancy and we leave many questions unanswered.
Here we discuss the relation of our framework to the Bayesian brain hypothe-
sis, as well as its potential relevance to experiments. We continue to discuss its
current limitations and sketch an outlook for further research.



1 Background - General

The present work is situated within the highly interdisciplinary domain of neuroscience.
It is a conceptual and theoretical piece of work that incorporates various concepts and
ideas from mathematics and physics, along with a broad understanding of neuroscience
concepts. The target audience for this thesis is physics students, who may not pos-
sess extensive knowledge in these areas. Hence, we provide the necessary background
information, notational conventions, and general concepts.

1.1 Notation & methods

The current investigation is situated within an emerging and expansive realm of the-
oretical neuroscience, where standardized notation and methodology are still lacking.
As a result, there is a need to develop succinct and intelligible notation. We have made
significant efforts to accomplish this task to the best of our ability. Here we briefly
note our notational conventions:

Linear algebra. We denote vectors by bold lowercase letters like x,u,s, and
their components as x%, where the index is in superscript. Similarly for matrices with
bold capital letters D, W, and components again with superscript D¥. To write basis
vectors we use the notation €, and write D* = De’ for the projection of D onto the
basis vector e'.

Time denotation. All of our considerations will be made for systems described
in discrete time. To facilitate ease of notation we denote individual points in time t by
integers so that notation like ), and },_, makes immediate sense. Even though we
work in discrete time with integer notation, our dynamics will still have a timescale.
As such we have specified the time elapsed between two time-steps, which we denote
by ot.

Scalars and vectors that vary with time are frequently encountered, and we denote
them using a subscript to indicate the specific time, such as x;. Additionally, we come
across functions that depend on time, and we represent them as x(t), where the time-
scale 0t is implicit within the function. For instance, we can have a function defined as
k(t) = exp (—t%), where 7 denotes the real time-scale of the system, and 4t indicates
the timescale of the discretization.

Probability theory. Our results are generally in a probabilistic setting, and we
should clarify our notation precisely. We write probability distributions generally with
a letter p, so that p(x) is then the distribution over x. Similarly, we write x ~ p(x)
to denote that x is drawn from the distribution p(x) and denote p(x | ¢) to be the
distribution of x ‘conditioned on‘, or ‘given‘ c.

For expectation values we use bracket notation common in physics. To denote the
expectation value of f(x) over the distribution p(x) we write (f(x))p)-
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In general we hope the context will make it clear which distributions are being
considered, but there are few which we make very explicit. We use pg(x, ¢), with sub-
script ©, to denote the model assumed to generate the observations x with underlying
causes ¢. The model pg(x,c) can be called the world model, or generative model.
We typically factor the world model pg(x,c) as pe(x,¢) = po(x | ¢c)pe(c). The fac-
tor pe(x | c) is called the observation model, or as is common in the literature, the
likelihood given data. The other factor pg(c) is called the prior over causes. We use
pu(s | x), with subscript ¥ to denote the distribution of the brain. The distribution of
the brain describes the activity s given observations x.

It is common for us to write distributions using proportionality notation o, as it
enables us to succinctly ignore the normalization constant of probability distributions.
For instance, in the context of physics we can write a Boltzmann distribution with
energy F(x) and (inverse) temperature (3 as

p(x) o exp(—BE(x)),
which would be equivalent to

exp(—AE(x))
o eXp(=BEX))

While this does not work in general, with either distributions over a non-finite sample
space, we ignore these subtleties in this work.

p(x) =

Bayesian inference. Bayesian inference describes how one should integrate new
observations with prior beliefs. Mathematically, Bayesian inference requires a few key
elements: a prior belief over the causes ¢, denoted as p(c), and a model of observations
x given causes c, given as p(x | ¢). With these two elements, we can compute a
posterior distribution of the causes post observation, expressed as p(c | x). Bayes
theorem expresses the relation between the prior p(c), observation model p(x | ¢) and
posterior p(c | x) as

p(c | x) o< p(x,c) (1)
o p(x | ¢)p(c). (2)

Functionals. Some common objects in our work will be functionals (functions of
functions) over probability distributions. We denote the arguments of a functional by
square brackets, so that the functional F'[f(x)], or equivalently F[f] takes as argument
the function f(x).

Derivatives. We write derivatives in the Leibniz notation, % for full derivatives
and a% for partial derivatives.



dendrites

-~ A B
\—
~—~

- Soma
1
N +-axon \ action //
synapse \potentlal P
- o
electrode

Figure 1.1: Illustration of a neuron and an action potential. A: The neuron features a central
soma (cell body) with numerous dendrites (signal receivers) at the top and an axon (signal
transmitter) at the bottom, and their intersection called synapse. B: An illustration of the
typical shape and scales of an action potential (neural response or ’spike’), which is generated
in the soma, travels along the axon, reaches a synapse and subsequently travels to the soma
of another neuron, depicted as a process from neuron % to neuron j.

1.2 Elements of Computational Neuroscience

This section serves as an introduction to the basic concepts relevant to computational
neuroscience. Particularly we will introduce the basic biology and phenomenology of
the neuron, the basic building block of the brain. We will build on these basic notions
to motivate a simple model of neural dynamics, which will serve as a reference anchor to
neurobiology for the rest of our work. This chapter builds heavily on the introductory
chapters of the work by Gerstner |31], which contains an excellent introduction to
models used in computational neuroscience.

1.2.1 Neural phenomenology

The ideal neuron. The brain is a massively complex and heterogeneous system,
consisting of numerous cell types and countless interactions between them. The past
century has supplied us with enormous knowledge about the intricate details of these
different cell-types and interactions. The bulk of the cells present in the brain are of a
particular type called neurons. Neurons are the computational building blocks of the
brain. While neurons come in countless shapes and sizes, their basic features remain
relatively constant across the brain.

A typical neuron has three different components that generally perform distinct
functions. These components are called the dendrites, the soma, and the axon, as shown
in figure [[.1JA. Roughly, the dendrites serve as the input to the neuron, they transfer
signals from other neurons to its own main cell body, called the soma. The soma is seen
as the main computational unit of the neuron, it combines the incoming signals from




the dendrites and performs a (non-linear) computation. The soma sums the incoming
stimuli, and when the sum exceeds a threshold, an output signal is generated called
an action potential. The output signal is then transferred along the axon onto other
neurons.

The intersection point where the axon of one cell meets the dendrite of another, is
called a synapse. For this reason the sending cell is called the pre-synaptic cell, and
the receiving cell the post-synaptic cell.

Spikes and neural dynamics. The signals generated by neurons are short elec-
trical pulses. These characteristic short pulses go by the names of neural responses,
action potentials or spikes for short. Spikes can be observed by placing an electrode
along the axon of a neuron as shown in figure [[.1[B. Remarkably, the exact shape of
a spike will remain conserved over a wide range of conditions surrounding the neuron.
Therefore, as the shape of the pulse is assumed to be absent of information itself, the
information is implied to be contained in the exact timing and number of spikes.

The effect of a single spike on a receiving (post-synaptic) neuron can be measured
by the effect it has on the potential difference u; between the inside of a neuron and
its surroundings. This potential difference u; is called the membrane potential, which
when undisturbed will sit at a resting level of u,.. The resting potential is typically
around —65 mV, and as such, the resting neuron is said to be polarized.

We can classify the effect of a spike in two categories. If the spike has the effect
of raising the membrane potential, we call it excitatory. Similarly, if the spike has the
effect of lowering the membrane potential, we call it inhibitory.

To be more precise, we can measure the precise effect of a spike at time ty from
pre-synaptic neuron j to post-synaptic neuron ¢ at rest by considering

UL — Upest 1= €7 (t — 1g).

The kernel ¥ on right hand side defines the post-synaptic potential (PSP) of neuron
1 after the incidence of a spike from neuron j. Following our classification of spikes, if
£ > () we say that the neuron induces a excitatory post-synaptic potential (EPSP) and
if €7 < 0 we say that the neuron induces a inhibitory postsynaptic potential (IPSP).
To first approximation, as long as there are not too many spikes, the total membrane
potential can be described by a linear sum of the PSPs. We can express this in discrete

time as A
ul = Z Z she(t — ) + Upest,
Jov<t

where the sum over j ranges over the various neurons connecting to neuron i, t’ ranges
over all time less than ¢, and S{, € {0, 1} indicates whether neuron j spiked at time ¢'.

The linearity, however, will break down significantly as the membrane potential !
reaches a critical threshold ©¥¢. At this point the membrane potential of the neuron will
exhibit a short pulse-like excursion. This pulse is exactly the spike which will travel
along the axon to other neurons in the network. The pulse will quickly depolarize (raise)



the membrane potential, and then decrease to an extended period of hyper-polarization
(lowering) of the membrane potential.

The refractory period of hyper-polarization briefly makes further elicitation of spikes
nearly impossible. The refractory effect can be included if we add an initially strongly-
negative refractory kernel n° to the membrane potential

=Y st —t) + Z D ShET(t—1) + trest-

t'<t <t

which concludes a basic treatment of the inter-neuron interactions.

1.2.2 The spike response model (SRM): a benchmark

The considerations of the previous section can be used to construct a phenomenological
model of neural dynamics called the spike response model (SRM).|30} [31] The SRM is
a widely studied model of neural dynamics and this work will use it as a benchmark
for neuro-plausibility. We continue by concluding our phenomenological considerations
and defining the SRM.

We construct the SRM by noting that in addition to neuron to neuron interactions,
there are various other sources affecting the membrane potential. We can abstract
these other sources by introducing a term that integrates a generic current I}. We
obtain the definition of the SRM membrane potential u!

Z sim'(t —t') + Z Z sle(t — 1) + Z Kt — ') I} +Upest, (3)

t’<t t/<t j t'<t
g A\ g
Vv "~ Vv

self inter-neuron external

with threshold condition for the deterministic SRM

. 1, if ul >
sé={ (4)

. )
0, otherwise

or for the stochastic SRM, also called the the spike response model with escape noise,
we have

pu(s; = 1) = dt plu, — ") (5)
1 — 6t p(ul — 0%, (6)

where instead of a sharp threshold, the spiking probability of the network is determined
by a firing rate p(ul — ¥"), with discretization timescale 6¢t. The firing rate p(ui —
¥") is also called the instantaneous spiking intensity, or the escape rate and can be
experimentally measured.

It has been shown that the SRM with exponential escape rate p(u! —9") = exp(u} —
¥") is in excellent agreement with experimental data as shown by Jovilet et al. [35]
Furthermore, it has been shown that many well studied spiking models can be mapped
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with great accuracy to the SRM with exponential escape rate. [47, [31] We therefore
deem the SRM, particularly the SRM with exponential escape rate, a good benchmark
for bio-plausible dynamics.

The only caveat which we have yet to mention is Dale’s law. Experimentally we
observe that most neurons illicit only one type of post-synaptic potential, either excita-
tory on inhibitory, and this observation is known as Dale’s law. While our benchmark
does not require this, we note that the literature shows that one can adapt networks
to respect Dale’s law [|17].

1.3 Central ideas of theoretical neuroscience

This section is dedicated to briefly explain some key conceptual ideas in contemporary
neuroscience. These concepts are the backbone of our work, underpinning the methods,
and interpretations that we will delve into in subsequent sections.

1.3.1 Representing uncertainty

In our complex and noisy world, uncertainty surrounds our beliefs and actions. Re-
markably, both humans and animals have demonstrated the capacity to acknowledge
and integrate this uncertainty [60]. The evidence that humans and animals represent
uncertainty about observations during perceptual processes raises questions about its
possible neural representation [56).

From a mathematical perspective, uncertainty is naturally embedded into proba-
bility distributions, thereby providing a formal perspective to representing uncertainty.
Building upon this formal perspective, the neuroscience literature has proposed two
main schemes to represent uncertainty in the brain [25|. The first scheme suggests that
neural activity represents the parameters of a distribution [44]. The second scheme,
on the other hand, suggests that neural activity represents the stochastic quantities
themselves |24].

Both the schemes offer unique perspectives and could potentially co-exist or be
used in different circumstances. Although much remains to be discovered about the
brain’s preferred representation of uncertainty, current research into the benefits and
drawbacks of these two schemes is an active and exciting area of research [40].

1.3.2 The Bayesian brain hypothesis

We previously discussed the notion that the brain deals with uncertainty in observa-
tions and therefore necessarily constructs a representation of this uncertainty. This
representation is particularly important for the brain to make sense of its experiences
and to anticipate future ones. Indeed, it must somehow utilize its representation to
model how prior observations relate to present and future ones.

A particularly appealing proposal of how the brain integrates past and present
observations is given by the Bayesian brain hypothesis. 38|39} [20] The Bayesian brain



hypothesis posits that the brain integrates past and present observations in a particular
manner, according to the principles of Bayesian inference.

To understand the practical potency of the Bayesian brain hypothesis, we turn to
a seemingly odd example: the Apollo moon landing. The Apollo mission required
an efficient method of estimating and predicting the spacecraft’s position and velocity
based on incoming data. The solution was the Kalman filter, an application of Bayesian
inference. [46| Despite being one of the simplest applications of Bayesian inference, the
Kalman filter proved more than sufficient. This approach ensured a successful and safe
mission, proving the value of Bayesian inference in high-stakes, real-world applications.

Though compelling, the Bayesian brain hypothesis poses substantial challenges for
empirical validation. While there is a consensus that the brain forms a representation
of uncertainty, it remains less clear whether this representation represents some kind
of Bayesian computation. The flexibility inherent in Bayesian inference allows one to
potentially select a model in line with the experimental data and post-hoc justify the
brain’s implementation of Bayesian inference [29].

In summary, the Bayesian brain hypothesis presents an exciting, if complex, ap-
proach to understanding how our brains interpret and predict the world around us.
Given the challenges associated with empirically validating this hypothesis, future
research must focus on developing rigorous methods to discern what constitutes a
Bayesian computation.

1.3.3 The Kalman filter

To better illustrate the previous two sections we present an example that showcases
the discussed uncertainty representations and the principle of Bayesian inference.

Our example will be that of a Kalman filter |36], one of the simplest examples of
Bayesian inference. Remarkably, it was a variation of this simple example that was
used in the Apollo mission [46].

The Kalman filter is the result of Bayesian inference with a simple model that
relates two quantities. For each point in time ¢ we have an observation z;, and some
latent structure ¢; that is assumed to give rise to that observation. The model assumes
a relation p(x; | ¢;) between ¢; and z; called the observation model, stating that z;
is normally distributed around c¢; with variance ¢2. Similarly the model assumes a
relation p(¢; | ¢;—1), called the dynamical model, stating that ¢; is normally distributed
around its past value ¢;_; with variance o2. And finally the model assumes a prior
p(ci—1) on the previous value of the latent cause ¢; 1.

First we use the Kalman filter to illustrate a representation in terms of parameters.
We assume that the prior p(c;—1) is given as a normal distribution with mean u;—; and

variance o2 ;. The normal assumptions of the model and prior allow us to explicitly
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Figure 1.2: An illustration of inference based on a parameter based representation of uncer-
tainty, as opposed to a sampling based representation of uncertainty. a: a trajectory of u; and
o of a parameter based Kalman filter, inferring the noisy signal x;. b: 10 sample trajectories
¢t of a particle Kalman filter inferring the noisy signal x;. c: histogram and parameterized
normal distribution at time ¢ = 1. The curve depicts a normal distribution parameterized by
e and oy at time ¢ = 1. The histogram depicts the distribution of the 10 particles at time
t = 1 showing a reasonable agreement between the two methods.

calculate the posterior p(c; | x;)

plee | @) o< pler | @) o< pay | er)pler | er1)p(ei-1) (7)
sconp gz o= ). ()

with the complicated but easily computable expressions

2 2 2 2( 2 2
0: 1 + O, Oy 2 Jx(o-t—l + Uc)

1+ x and o, = ———— 9
R R A ’* - ®)

Mt =

The posterior reflects our updated belief about the cause and will in turn be used as a
prior in the next time-step. The result of such a recursive procedure is shown in figure
I2a

Second, we illustrate the representation using a sample-based representation called
a particle filter [58]. The key idea is that a distribution p(c;_1) can be approximated by
a set of samples ¢;_; called particles as p(c,—1) &~ = 37 8(c—1 — ¢j_y ), which collectively
form a histogram. Here, i ranges from 1 to the total number of particles n. Moreover,
it is possible to calculate the approximate posterior for a histogram by sampling from
the the posterior for each individual particle. The resulting histogram then serves as
an approximation of the posterior distribution.
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We continue to calculate the posterior p(c!) for a single particle ¢! and assume that
the prior p(ct_,) is given by the sample as p(c;_1) = §(c;_1 —ci_,), where § is the Dirac
delta. Next we explicitly calculate the posterior for a single particle

pler | @) o p(ae | ep(cq | cr-1)d(cer — ciy) (10)
(07 +02) oe o i\
o <_ 20202\ o242t g2 g2t ' (1)

Repeating this procedure for each particle grants us a histogram approximation of the
posterior. The result of recursively applying the particle filter at each time step is
shown in figure (1.2b.

The connection of both the regular and the particle Kalman filter to Bayesian
inference and representations of uncertainty is so tight, that researchers have used
both as analogies to the functioning of the brain. [51, 42]
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1.4 Variational Inference

The following section will contain an introduction to variational inference |9, [32].

In the general setting we have a model description pg(x,c), given as a distribution
over observations x and latent causes c. One would like to use observations to either
improve the model, or to infer the latent structure behind the observations, i.e. one
desires to know the posterior pg(c | x). These problems only admit tractable solutions
in rare cases and we therefore require approximation methods.

Variational inference describes a broad array of methods to solve exactly these prob-
lems. Here one usually starts with a family of distributions pg(c | x) parameterized
by ®. The methods of variational inference prescribe how one can adjust the param-
eters ® so that pe(c | x) better resembles pg(c | x). And one can in turn use this
approximation to improve the general model pg to explain observations.

This method has special appeal for theoretical neuroscientists as many hold that
the brain performs some kind approximative Bayesian inference. From this perspective,
part of our brain is dedicated to implement an approximative distribution, attempting
to perform inference of some kind of model of the world.

This view has become especially prominent when it was shown that the predictive
coding framework of Rao and Ballard [57] can be derived from the assumption that the
brain implements a particular kind of variational inference [26| 27, 28]. These efforts
are hugely prominent as a top-down approach to brain function [52].

Principles of variational inference. Suppose we have model of the world pg(x, c)
that we believe is sufficient to explain observations x. Furthermore, suppose that the
model factors into an observation model given causes pg(x | ¢) and a prior on the
latent causes peg(c). We can interpret the observation model as projecting the causes
onto observations, and the prior as our belief about the causes.

We desire to have a good model of the world. Remember that pg(x, c) defines how
we think the observations could be generated, but the description or parameters might
be off. What happens if the general form of pg(x, c) is sufficient but the parameters are
not? In that case we want to use our observations to improve our model. To see how
we can accomplish this, note that by definition the observations are generated by the
world, i.e. x ~ p,(x). Where p, denotes the actual, unknown generative distribution.
The log-likelihood In pe(x) satisfies the following relation with the world p. (x):

(In pe(x))p, = —H[p,] — Drrlpy || Po) (12)

This is the first principle. To elaborate: as the entropy H(p,) is independent
of the model pg, the maximisation of the (expected) log-likelihood of our model is
equivalent to the minimisation of the KL-divergence between the model pg and the
world p.,. Therefore the optimization of the expected model log-likelihood will improve
the ability of the model to explain the observations provided by the environment.
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As such, a major assumption of variational inference is that one actually has access
to the expected log-likelihood. We continue under this premise and assume that we can
approximate the expectation value well by an average over observations, as is common
in any method aiming to do maximum-likelihood estimation.

Above we considered the log-likelihood of the data x, however, our model also
considers the latent causes c. To improve the model we require access to the log-
likelihood Inpg(x) and therefore need to integrate out c, or equivalently, we require
access to the posterior. So either

Inpe(x) = In Zpg(x, c), (13)

or by Bayes rule,

We proceed our derivation from the latter (eq , which we rewrite

pelx.c) _ | pelx.c) | pale|x)

pele|x) " palcx) | pelc]x) (15)

Inpg(x) =1In

By taking the expectation value with respect to pe(c | x) we obtain the central relation
of variational inference

In pe (x) = <1ﬂ %k@ o <1n % >pq> (el

= Dxw [pe(c [ x) || po(c | x)] = Flpe, pel; (16)

with

Flpa,pe] == (—Inpe(x, C))pq,(c|x) — (—Inps(c| X))pq,(c|x)' (17)

We have decomposed the model log-likelihood In pg(x) into two objects: The first is
a KL-divergence between the exact posterior pg(c | x) and our approximation peg(c | x).
We note again that the KL-divergence is positive and a measure of dissimilarity between
distributions. We do not have direct access to the exact posterior and as such we cannot
compute the KL-divergence directly.

The second quantity F|[ps,pe| is known as the (negative) evidence lower bound
(ELBO) or variational free energy (VFE). Let us explain its name and utility. The
name variational free energy comes from its functional form. F is the difference between
an energy term (— Inpg(x,c)) and an entropy term (— Inpg(c | x)), which in physics
is commonly known as the variational free-energy. We will not elaborate on these
connections but they are plentiful, and we highly recommend [45] for further reading.
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Variational Inference

ming F

ming F

Figure 1.3: Cartoon depicting the tandem optimization underlying variational inference. First
we optimize the free energy F[ps, pe] with respect to ® to improve our approximative distri-
bution. Then we optimize the free energy F[pg, po] with respect to © to improve our model’s
ability to explain observations.

To continue, the positivity of the KL-divergence term ensures the inequality

—Flpa, pe] < Inpe(x), (18)

which motivates the term evidence lower bound, as in the context of Bayesian inference,
the log-likelihood is also known as the model evidence [34]. As mentioned before,
maximisation of the log-likelihood with respect to © ensures an improvement of the
generative model pg(x, ¢) in explaining the data. The inequality states that decreasing
F increases a lower bound of the likelihood. While the increase of a lower bound does
not strictly imply an increase of the log-likelihood, we can improve the tightness by
minimizing the KL-divergence.

Furthermore, as the log-likelihood does not depend on our approximation, we obtain
by that minimization of F is equivalent to minimization of the KL-divergence.
This implies that minimization of F with respect to the approximation parameters ®
is equivalent to reducing the KL-divergence. To illustrate this, we consider the gradient
of F with respect to ® and obtain

Vo F|ps,pe] = Vo Dk [pa(c | x) || pe(c | x)].

Lastly and of great importance: F consists of objects that, as a modeller, we can
explicitly access, namely the total model pg(x,c) and the approximation distribution
po(c | x). Furthermore, one can proof that by taking samples ¢ ~ pg(c | x), we
actually gain an unbiased estimate of F. So in short: we can calculate F effectively.

The repeated tandem optimisation, depicted in figure [I.3] of F with respect to ©
and ® ensures both a better model and a better posterior approximation. It is this
tandem which generally defines variational inference.

Relation to MAP estimation. One of the main purposes of variational infer-
ence is to circumvent the issue of tractability in calculating the posterior distribution.
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Another, much simpler approach is that of maximum a posteriori (MAP) estimation
[22]. Here we briefly explain MAP estimation and illustrate how it can be seen as a
special case of variational inference.

MAP estimation is a simple technique of approximating the posterior pg(c | x) by
Dirac delta distribution é(c — cyap) of its most likely value

CMAP = n’lélXp@(X, c). (19)

In the continuous case, one attempts to find cyap by following the gradient %p@(x, c)
of the probability distribution.

We can draw the parallel to variational inference by choosing the approximation
distribution to be a Dirac delta

pe(c | x) = d(c — @), (20)

where ¢ € ® parametrizes the center of the Dirac delta.
In this case the free energy simplifies as the entropy of a Dirac delta is assumed to
be zerd'] and the expectation value simplifies as

F(ps,pe) = —pe(x, @). (21)

We conclude the minimization of the free energy with respect to ¢ to be equivalent
to MAP estimation. Moreover, we can interpret the gradient of the free energy with
respect to this distribution as a method to perform approximative MAP estimation.

I This is actually quite complicated, but it can be neglected for our purposes, as the entropy does
not vary on a change of ¢
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2 Background - Spike by Spike (SbS) framework

In this section we introduce the Spike by Spike (SbS) framework, the conceptual pre-
cursor to our research. The SbS framework conceptualizes a method to derive spiking
neural networks from a global objective. The framework does not have a particular
name in the literature, and so we took the liberty to name it after the recent publication
“Learning to Represent Signals Spike by Spike”.[17]

We start by illustrating the framework for just a single neuron. Furthermore, we
assume that the optimisation is done greedily, implying that we only consider the
current time. After illustrating the key idea we illustrate various avenues of possibility
for extending the method, such as to a network of neurons.

It is important to mention that although this is an introductory piece, it is not
merely a replication of existing literature. Mathematically, all of the results in this
section are present in existing literature, however, the perspective and conceptual em-
phasis is novel.

2.1 A one-dimensional deterministic world

The SbS framework is a top-down theory of neural function. That is, it derives a neural
network from an appropriate objective, which we desire our neurons to fulfill. Here
we consider the simple of objective of forming a representation Z; of a one-dimensional
stimulus x;. We encode this objective by the square error

L= (z, — )% (22)

Currently, the loss is agnostic to the activity s; of our neuron, and to relate the loss
to the activity, we have to specify exactly how the representation is formed. We follow
the literature [17] and suppose the representation Z; at time ¢ is given as some leaky
readout current which in discrete time can be written as

j:t = i’tfl + D St, (23)

where a = exp (—%) € (0,1) is the decay constant of the leaky current with 0¢ the
timescale of our discretization, 7 the time-scale of the leaky current, D a constant
determining the scaling of the representation, and s; € {0, 1} the activity of our neuron
at time t.

Equivalently, by collapsing the recursion we can write the representation as:

B =D syr(t—t)=D(r +s), (24)
<t
with k a ‘response’ kernel given by s(t) = ! = exp (—2t), and ry ==, _, syr(t —t')
is the sum of past responses. The shape of the response kernel x and an example linear
readout Z; are shown in figure . We prefer the description of our representation
in terms of kernels, mirroring its use in the SRM.
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Figure 2.1: An example representation of a stimulus. a: the exponential neural response
kernel . b: the stimulus x; the neuron aims to encode. c: spiking activity s; of the neuron
representing x;. d: the representation Z; resulting from the activity s; and kernel s

We note that the neural code is made explicit before we even begin to consider
dynamics. This is the top-down perspective: we have fully defined an objective in
terms of neural activity, but have not defined the dynamics of our neuron.

To continue we will derive dynamics from our loss function L and representation.
We derive the dynamics by assuming that the neuron will behave in a manner that
best accomplishes the objective, as measured by L. We suppose a spiking condition
which states the neuron should spike if that would reduce the current loss L at time ¢

spike at time t <= L(xy, s, = 1) < L(xy, 54 = 0). (25)

The spiking condition (25)) is a form of greedy optimization, as we do not consider the
impact of our spike on the future loss.

It is worth noting that the spiking condition is analogous to deriving dynamics
by following a gradient, a method that is more common in top-down theories of neural
function, such as the predictive coding framework [57, |27].

We can continue and write out the spiking condition for the square loss defined
before and obtain the following:

D
spike at time t <— x;, — D r, > —, (26)

—— 2

error

which simply states that we should spike when the current reconstruction error, without

considering the spike, exceeds half the effect of a single spike.
As the representation Z can be written in terms of a sum over past neural responses,

we obtain the elegant form

D
ry— D E spk(t —1t) > 5 (27)
t<t <~
~ ~- 9
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Figure 2.2: Left: resulting network architecture from the functional objective of forming a
representation z; of a stimulus z;. A: Illustration of the objective, which is agnostic to the
possible dynamics of the neuron. B: Illustration of the resulting SRM derived by imposing a
spiking condition. The feed-forward connection F' = 1 and lateral connection W = —D are
derived from a spiking condition imposing local optimization. Right: Network dynamics of a
single neuron tracking a simple one-dimensional stimulus. a-d shows the inhibitory current
Wr; of the neuron balancing the excitation F'z; on the membrane potential u; ensuring a
good representation &y = Dry. Deterministic spiking model following a noisy stimulus. We
notice that it traces the envelope of the stimulus as much as the spikes permit.

The left hand side can be interpreted as a membrane potential and the right hand side
is then simply a threshold.

Indeed, the derived dynamics can be neatly mapped to the SRM , our bench-
mark for bio-plausibility. We illustrate the derived network architecture and an example
of its dynamics in in figure 2.2]

The membrane potential of our neuron consists of an excitatory current x; given
by the input stimulus, and a self-inhibitory current Dr;. The balance between the
stimulus x; and the current representation Dr; explicitly encodes the error between
the stimulus and the representation, and therefore the degree to which the neuron
performs the objective is coded onto its membrane potential. This balance between
excitation and inhibition is also experimentally observed and known as Excitation-
Inhibition (E-I) balance |23]. As such, the SbS framework supplies us with an intuition
of why this phenomenon may occur.

Metabolic costs. We have shown how we can derive a bio-plausible SRM by
defining a functional objective, a representation, and subsequently imposing a spiking
condition based on optimally. However, the brain has to balance performing a function
with the metabolic cost of performing that function. Indeed, the utility of any ability
needs to be weighed against the cost of performing it.

We show that one can easily include metabolic costs in the SbS framework. To
illustrate this we will say that there is a cost C'(s;) associated to spiking at time ¢, here
we simply assume a fixed cost v associated to a single spike. Next we redefine the loss
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function L as a sum of two objectives

N
L= (xy—a) +vs = \Z*; + \C:_/ : (28)
function  metabolic cost
where F' quantifies function, and C' quantifies the metabolic cost.

With the new definition of the loss L we can interpret the spiking condition as
imposing a balance between fulfilling the functional objective and the metabolic costs
associated with performing that function. Indeed for this loss we observe that our
threshold of spiking will simply increase ¥ — 9 + % indicating that the neuron should
not follow the signal perfectly, as to not expend too many resources.

To summarize, we have seen that we can derive bio-plausible spiking neuron in a
principled manner. We achieved this by first defining a loss function L in terms of a
functional objective F', a representation & and metabolic cost C' on that representa-
tion. Subsequently, we derived dynamics requiring that a neuron should spike if that
decreases the loss at any point in time. Conceptually, it is this procedure which, to us,
defines the SbS framework.

2.2 A multi-dimensional deterministic world

We continue by showing how to extend the previous section to describe a network of
neurons. Here we consider how a population of neurons can represent a stimulus of
arbitrary dimension. In analogy to the previous section, we define the functional part
of our loss to be the square distance between the stimulus and our representation.

1 .
F = §||Xt — %%, (29)

where x; now represents the vector valued stimulus, X; the vector valued representation.
We proceed analogously as before by defining the representation as a linear combi-
nation of neural responses of a population of neurons.

}A(t = }ACt_l +D S¢, (30)

with a as before the decay constant of all the leaky currents and D now the decoder
matrix, as it describes how one should decode the neural responses to retrieve the
representation. Note that for simplicity we choose a to be the same for each part of
the representation, though this constraint is easily loosened.

We again collapse the recursion and obtain for x;

% =D spr(t—t) =D (r,+s), (31)

<t

with & again being defined as x(t) = of, and we define r = ", _,sys(t — t'). The
vector r is conveniently defined as such because it signifies the effect that the past
neural responses have on the representation, and thus later, the spiking condition.
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Lastly, the metabolic cost is again defined such that it penalizes the spiking of a
neuron with weight v.

C(st) ==v-s. (32)

So that finally our objective loss for the network becomes

1 .
L= §th—xtH2—|—V-st. (33)

Extending the spiking condition. In the single neuron case, the spiking con-
dition defining our neural dynamics was the result of optimization with respect to a
single variable s,. However, as we now consider a network of neurons, we are faced
with a choice. Should we optimize each neuron individually, or should we consider the
entire network as a whole? Individual optimization would suggest the same spiking
condition as before, under the assumption that the rest of the network stays silent.
Global optimization on the other hand, would prescribe us to choose, at any point in
time, the activity which minimizes the loss.

global optimisation local optimisation

s; = argmin L(S;, x;) L(s; = €',x;) < L(s; = 0,x;) (34)

where e’ denotes the i-th basis vector.

The difference between global and local optimization in equation is analogous to
the difference between a gradient, and a derivative. The gradient considers the direction
of steepest ascend for the system as whole, whereas the derivative only considers an
individual component.

We have not encountered this consideration explicitly in the literature on the SbS
framework, which all suppose the local spiking condition. Presumably because local
optimization remains sufficient, and global optimization simply becomes unmanage-

able.

A network of neurons. To continue we define a spiking condition on the basis
of local optimization and apply this to our objective with representation (30). We
obtain that neuron ¢ spikes whenever the following condition holds:

L(St = ei,Xt) < L(St = O,Xt) (35)
112 . 2
<:>‘xt—Drt—DeZ + ' < ||x; — Dry
INTO [1aX
~— (D) ( x, — Dr; | > +, (36)
— 2

current error

where again, D' is defined as D e, and the superscript 7' denotes the matrix-transpose.
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Let us take apart and note its properties. The spiking condition states that
if the current representational error x, — Dr;, projected onto D', exceeds a certain
threshold, neuron i should spike. In our network, D’ is exactly the contribution that a
spike of neuron ¢ has on the representation. The projection is therefore a measure of
how much neuron ¢ could assist in reducing the representational error.

We shift our attention to a biological interpretation. As before in the one-dimensional
case we can map (36)) as a membrane potential and the right side as a threshold.

B diag(D'D)

5 +v, (37)

u, := D7 (xt — Drt> I
where diag is the function that returns the diagonal elements of a square matrix. The
spiking condition for neuron i can then be rephrased as in the deterministic SRM:
neuron 7 should spike if its membrane potential u! exceeds its threshold ¥,

ul >

Furthermore, we observe that the membrane potential has two components: A compo-
nent D?x; where the bottom-up stimulus x; is mapped onto the membrane potential
by DT, which we interpret as feed-forward synaptic connections, and denote by F. And
the neural responses of neurons get mapped onto other membrane potentials of other
neurons by DYD, which we in turn interpret as the lateral synaptic connections, and

denote by W.

F = DT, W = -D'D, (38)
diag(W
w = Fx; + Wry, V= % +v (39)

We illustrate the network topology in figure [2.3

We conclude that the SbS framework is able to derive spiking neural networks
that conform to our bio-plausiblity benchmark given by the spike response model.
Furthermore, our network have the explicit functional objective of encoding a stimulus
over time.

2.3 Learning as representation optimization

In this section we show how we can understand learning in the SbS framework. We
will begin with a concise conceptual overview, followed by an exploration of technical
considerations using the decoder D as an example, and conclude by addressing the
disparity between top-down learning in the SbS framework and biological learning.
Our derivations started with a functional objective we wanted to perform, embodied
by equation . In principle one could be agnostic to the precise structure of the rep-
resentation x;, and simply assume that it depends on certain (possibly time-dependent)
parameters. This agnostic view provides a clear intuition about what the dynamics of
any network parameter should accomplish: the parameters should continuously strive
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Figure 2.3: Resulting network architecture from the functional objective of forming a rep-
resentation X; of a stimulus x;. A: Illustration of the objective of a network of neurons
constructing a representation X;. The functional objective is agnostic to the dynamics of the
neurons themselves, it merely relates activity s; to the representation X;. B: Illustration of
the resulting SRM derived by imposing a spiking condition. The feed-forward connection
F = D7 and lateral connection W = —D?D?" are derived from a spiking condition imposing
local optimization.
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to optimize our representation to minimize loss L at any moment. Indeed, our spiking
dynamics were derived with this view in mind.

We will illustrate this perspective further by introducing dynamics on the other
component of the representation, namely the decoder matrix D. To derive the dynam-
ics we proceed similarly as with the spiking dynamics and require that our decoder
components D% optimize the loss, i.e.

0

~-L =0
oD

Here we have to proceed with care. If we optimize the (continuous) decoder components
in a similar greedy fashion as before with the neural responses s;, we could set the
decoder weights such that any non-zero spike trace r; would be sufficient to perfectly
represent the signal. This goes against the intuition that our decoder should evolve
slowly, over longer timescales. Indeed, rapid alterations in a neural code may present
difficulties for an organism as it would require constant adaptation for the code to
be useful, which itself would be metabolically expensive. Furthermore, changing the
neural code on a short time-scale would limit the ability of the neural code to generalize
to longer timescales. These two perspectives on slow-adaptation are often seen to go
hand in hand [8].

One can solve this issue heuristically by letting the parameters follow the gradient
of the loss instead of explicitly finding the optimal solution. Here we show that our
framework allows us to neatly circumvent the heuristics and derive slow adaptation by
making our appeal to metabolic costs more precise.

We say it is costly for the organism to change it’s neural code too fast. In this
case the neural code is given by Dij , which we will briefly treat as a function of time.
Therefore we penalize the rate of change in the decoder by introducing an additional

cost C’
= 9t Z |

where v is a constant quantifying the penalty on the change and AD;j = D,fj — D?_ 1-
We obtain a new loss L’

(40)

L' =L+,
the optimization of which leads to an intuitive, regularized and slow adaption:

0
oD
= AD/ = —5t 471

L'=0
d
dDi

L. (41)

Indeed, the dynamics for D% does not minimize the loss L directly, but instead follows
the gradient on a timescale given by y~!. Learning in general systems is commonly
understood as the gradual adaptation of a network to perform a task, as this is precisely
what embodies, we therefore call these dynamics learning rules.
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The learning rule for D is then derived by taking the derivative of the deterministic
loss L with respect to each D%, and we obtain

ADY = -6t y_lﬁL =0t v (xe — %¢) (re + 5¢). (42)

While we believe it is necessary to contextualize slow-adaptation in our framework,
we will not explicitly add to our losses. From here on we simply assume such a
term is present for continuous variables such that we can always cast the adaptation
of our representation in the form of equation . Moreover, we avoid the mention of
time-dependence in our slow-variables and assume that the neural responses evolve on
a much faster time-scale, for both ease of notation and conceptualization.

We conclude our discussion by evaluating the biological plausibility of our learning
rule. We have set a standard for biological plausibility in spiking dynamics using the
Spike Response Model. However, this benchmark does not take into account other
aspects of representation, such as the dynamics of the decoder, represented as D. As
a result, we must explore other approaches to address this aspect.

The main issue lies in the fact that D, unlike s;, lacks a direct biological interpre-
tation. By presuming a fixed decoding matrix D, we succeeded in deriving a SRM
where D implied the form of the feed-forward F and lateral W connections, as well as
determining the value of the threshold 9. Yet, as D is not an explicit component of
the network, it is simply a part of the objective we aim to achieve with our network.

Therefore, when considering biological learning, our focus should be on the adap-
tation of actual synaptic connections, F and W, within the network. In section we
present a specific solution to this challenge, although we note that this is still an active
field of research.

2.3.1 Example: effect of metabolic costs on an optimized network

In this section we showcase consequences of adding a particular metabolic cost. First
we will introduce a general metabolic cost, penalizing individual spikes and repeated
activity. Next we show the derived network architecture corresponding to the metabolic
cost. Finally we learn an optimal decoder D using the theory of the last section and
showcase the effect of metabolic cost on an optimized network.

We assume metabolic cost of the form

i, P
C = M’|QtHQ+’/ZSt+§HDH27 (43)
with constants p, v, p, and similarly to r; we define ¢, as

q =Y sué(t—t), (44)

v<t

for a kernel £(¢) (similar to the kernel k) indicating how past neural activity affects
the current cost of spiking. That is, we have a term p|/q,||* penalizing large individual
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activity in neurons, and a term v s penalizing individual spikes. Furthermore,
we have a term p||DJ|? penalizing the magnitude of the decoder. We motivate this
as follows, from the perspective of an organism we have to consider the difficulty of
extracting our neural code from our network of neurons. The organism quite literally
has to construct a decoder. The decoder will consist of synaptic connections, and strong
connections carry a significant metabolic cost. Hence we penalize the magnitude of the
decoder D necessary to carry out the function.

From this cost together with function defined as (29) we can derive the following
SRM network

F .= D7’ W := -D’D, (45)
diag(W
w = Fx, + Wiy — Ta, LU

which is identical to our previously derived network in section [2.2] with additional
self-inhibition —ulq,. We note that the penalty on the decoder has no effect on the
overall structure of the SRM.

Importantly, the term —pulq, can be seen as an adaptive current, penalizing re-
peated activity. The phenomenon of neuron adaptation refers to the observation that
it becomes progressively more challenging to elicit repeated spiking within a short time
frame. Indeed this formulation has close ties to general descriptions of adaptation [7].
Furthermore, this description has an exact correspondence to many commonly used
models to study adaptive neurons |31, 43| as well as those used to test the computa-
tional capabilities of adaptive neurons |5, |6].

The role of the cost terms containing ;4 and v are roughly orthogonal, one incentives
a sparse encoding, while the other incentives a distributed encoding. In a network with
equal v for all neurons, a single neuron will be best equipped to encode a stimulus.
This neuron will always reach the spiking threshold before the rest of the population
resulting in a sparse neural code. In a network with non-zero pu, the spiking of a neuron
subsequently raises its metabolic cost, disincentivizing further activity and therefore
promoting a distributed code.

We illustrate these effects on a network of 9 neurons with the task of encoding
a one-dimensional stimulus. The network is derived from the cost above with the
simplification that that we set the penalizing kernel as & = k resulting in the following

SRM

F :=DT, W := -D'D -1y, (47)
diag(W
w = Fx; + Wry, Y= % + . (48)

Lastly, we derive a learning rule to optimize the decoder D using equation (41))

st L A ;
AD” = ; ((Xt — Xt) (I‘t + St)] — O{Dlj> . (49)

25



Sparse code Distributed code

w=0.0, v =0.002 w=0.5, v=0.002
0.25 - A N
;=D ry ;=D ry
a " b
0.20
- 0.15
By
0.10
0.05
0.00 -
C d
:H:g_ ||||I!| |||||| | ||||
- | |
S5l ||IIII| ‘ll;ll |:|||I
5] | Il |
= 3k | | 5 |I|f
1_|| 1111 1 1 1 I | | } ||M ||| I ',“f
1 1 ] ]
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
time ¢ (s) time ¢ (s)

Figure 2.4: Two networks of 10 neurons encoding a one-dimensional stimulus. Both networks
were parameterized with a different metabolic cost resulting in a sparse encoding on the left
side, and distributed encoding on the right side. a,b: encoding of the stimulus for the two
different networks. The metabolic cost on the right is strictly larger, therefore also resulting
in a worse encoding, as is evident by the gap between the representation z; and x;. c,d: raster
plots showcasing the activity of both networks. (Simulation parameters in

We illustrate these effects for two different values of 1 showing two optimized networks
attempting to encode a one-dimensional stimulus. The networks were optimized by
using the learning rule for the decoder D shown above. The results are shown in figure
2.4

With only v non-zero we obtain a sparse encoding, as there will always be a single
neuron best suited to encode the stimulus. However, with a non-zero p the repeated
spiking of a single neuron will be penalized to ensure that multiple neurons participate
in representing the signal. Here we increased p sufficiently to ensure the participation
of the entire network. Note that the presence of a non-zero p ensures that the weights
will remain relatively small, explaining the offset between z; and x;.
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2.4 Application: bio-plausible learning

This section briefly showcases one of the principal applications of the SbS framework:
bio-plausible learning. A significant portion of the literature |16}, (62} 15, |17}, 48| devoted
to the SbS framework concerns this very subject. In particular we illustrate how the
SbS can provide a backbone of intuition for bio-plausible learning in spiking neural
networks.

Previously, we have derived dynamics for the various components of our represen-
tation. However, we recognized that the dynamics derived for the decoder were not
biologically plausible. The main reason lies in the fact that the decoder in the represen-
tation is separate from the network’s actual architecture, particularly the connection
matrices F, W. Consequently, we cannot directly translate the optimization of our
representation into the plasticity of these connection matrices.

Thus, we can phrase the problem of bio-plausible learning more precisely as follows.
Given that we have a SRM with membrane potential u;, defined as:

u; .= FXt + Wrt, (50)

with connection matrices F, W and threshold ¥, how can we optimize this network to
align with our derived optimal network for the loss function:

1 .
L= Slx— %P+ v s+ £ DI (51)

This question does not have a comprehensive, principled answer. However, existing lit-
erature |16] offers some insightful intuition. The crux of the idea is the following: since
we derived the dynamics of our membrane potentials from an objective loss function
L, it is plausible to assume that the membrane potential encodes enough information
to compute gradients.

We can illustrate this idea with the recurrent weights of the optimal network. In-
deed, the optimal decoder D* satisfies

0= —{(x; — D*ry)r} ) + pD*, (52)

where (-) without the subscript over distributions denotes an average over time. Like-
wise we know that the optimal configuration of the membrane potential is given by

and reads
u :=D*" (x, — D*ry). (53)

Multiplying by D*T we obtain that for the optimal network configuration the
recurrent weights W* have the form

W* = —D*'D* = —% (a;r]) (54)
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Next we show how we can adapt an arbitrary W to W*. To achieve this we turn to
another central idea: we can separate the different timescales over which our dynamics
evolveﬂ as introduced by Bourdokan et al. [16] and elaborated on by Mikulasch et al.
[48] We suppose that the timescale is ordered from fast to slow as r;, x;, W, F. From
the perspective of the lateral connections W, the dynamics of r; and x; are experienced
by their statistical properties, while the connection F is viewed as constant. As the
feed-forward weights F are viewed as constant, the lateral connections W can only
hope to approximate the optimal solution —D* D* and evolve to the form —FD*,
learning the optimal decoder inside the feed-forward weights. Indeed, if we assume W
to be of the form W = —FD, we can evolve W as

oL

A ~F_—

W x 5D (55)
= —F(x; — %)r; + pFD (56)
= —wr; — pW, (57)

we obtain a learning rule with the fixed point

L, r
W = —;(utrt ). (58)

In addition to having the correct fixed point, the learning rule is local. We can see this
as the change in each individual lateral connection is given by

AW oc —uirl — pW™, (59)

requiring each connection only to have information about the pre-synaptic potential
from neuron j and the membrane potential of neuron 7, implying a local bio-plausible
learning rule. The recurrent connections W% adapt themselves to make sure that the
PSP of neuron j balances the membrane potential of neuron 7. From the interpretation
of the membrane potential as the error, we see that that the learning rule implies that
the PSP of neuron j is decorrelated from the error encoded by neuron i. We see that
the SbS framework has therefore allowed us to derive a bio-plausible learning rule that
is greatly interpretable.

2.5 Summary and re-conceptualization

In the preceding sections, we explored the SbS framework and demonstrated how the
framework can derive spiking neural networks that balance function with metabolic
constraints. We also illustrated how the framework could foster intuition around bio-
plausible optimization.

To extend the approach, it is essential to zoom out and summarize the explicit
choices made throughout the derivations.

2We can make the timescale argument formal by appealing to v~ in section
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-Greedy optimization We defined a loss function L quantifying the performance of
our network. The loss was defined for each time-step t separately, and our spiking
condition did not take into account any possible future loss. While it has been
shown in the literature [17] that this does not limit performance much with an
exponential kernel k, this prevents us from considering representations without
a strong initial transient response, as the spiking condition cannot separate the
case of s; =1 and s; = 0.

-Deterministic spiking Our loss function was defined over deterministic binary vari-
ables s!. It is, however, possible to optimize with respect to a distribution over
S5.

-Functional objective We made an explicit choice for the functional component F
of our loss function. We proposed the square difference as a measure of how well

our representation z; fit the stimulus z;. While the square loss is convenient and
easily interpretable, the SbS is in principle not limited to the square loss.

-Neural representation All of the work on the SbS framework explicitly sets the
representation to be a linear sum of neural responses. However, in principle, we
have much freedom here. For instance, in rate networks it is common to have
representations be a non-linear function of neural activity [57].

-Metabolic costs The balance of function with metabolic costs depends on how valu-
able the function is to the organism. Here we focused on simple loss functions
presuming a spike, or repeated activity, to be costly. But again, the metabolic
cost should be related to the utility of a specific representation. We therefore
expect more complex representations to naturally lead to more considerations
around the cost function

The various choices offer future paths of generalization.
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pe(x|c) N pu(s|x) .

Figure 3.1: Cartoon depiction of our functional objective of performing approximate Bayesian
inference. We assume that there is a model pg(x, c) adequately describing the observations
x of the world itself. These observations are assumed to be caused by some underlying latent
structure c¢. The objective of the Bayesian brain is to have the brain py(s | x) implement
(approximate) inference with respect to the world model, where the causes ¢ will be encoded
in the activity of the brain by a neural representation ¢(s). (Figure used with permission of
Fabian Mikulasch)

3 Results - A noisy world

In this section we provide our main theoretical results. We start by introducing a new
functional objective. Instead of encoding a stimulus, we aim to perform approximate
Bayesian inference. Then, we will build upon the conceptual foundations of the SbS
framework and extend its approach for this new objective. We show that again, by con-
sidering the trio of Function, Neural representation and Metabolic cost, we will be able
to derive bio-plausible neural networks. We continue by illustrating how to interpret
learning from a top-down, inference centered perspective, and we show the capacity of
our networks by simple experiments. We finish the section by briefly discussing the
relation between our network to that of predictive coding, an ambiguous, but widely
used term in theoretical neuroscience.

3.1 Inference as an objective

A criticism of the SbS framework is that the function of encoding a stimulus alone does
not reflect real-life utility of the brain. Neither the sensory stimuli nor the dynamics of
the brain are deterministic [35|. Furthermore, many parts of the sensory system serve
as an incredible information bottleneck [21], implying that the brain extracts relevant
features from the stimulus for future computation.

A much more useful objective is given by Bayesian inference. Our starting assump-
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tion will be in line with the Bayesian brain hypothesis. The brain somehow implements
a model of the world and performs approximate Bayesian inference, extracting the dif-
ferent causes that give rise to observations. The utility and elegance of this proposal
is what inspired the Bayesian brain hypothesis. We follow this line of thought and
show how we can make a network of spiking neurons perform approximate Bayesian
inference.

We consider how we can make the brain pg(s | x) — now defined as a probability
distribution over activity s, given a stimulus x — best represent a model of the world
po(x,c). Here we define ¥ as the brain parameters such as synaptic strength and ©
as the world model parameters.

This problem is currently ill-defined. We note that the model of the world pg(x, c)
is defined in terms of latent causes c, not in terms of neural activity. If we want the
brain to represent ¢, we need to make explicit how those causes are represented. And
for this we require exactly the second part of the trio: a neural representation ¢(s)
of the latent causes c. We define the representation ¢ as a function of neural activity
completely analogous to defining the representation x in terms of neural activity, as
we did before. Given a neural representation, we can consider our model of the world
in terms of activity s instead of causes d

In the background on variational inference , we showed that the expected free
energy F quantifies both the degree to which py(s | x) and pg(¢(s) | x) match as
distributions, and the degree to which pg(¢(s),x) explains the observations x. These
properties suggest that F is an ideal candidate as a functional objective quantifying
the degree to which we perform inference.

As such we define the functional part of our objective as the free-energy F between
the brain and the model given a representation, as defined in section (17)).

F = Flpu(s | x),pe(€(s).x)] = (Inpu(s | x) — mpe(x, &(5)))py(spo-  (60)

To complete our framework need to define metabolic costs with which we want to
balance function, proceeding in the same fashion as the SbS framework. The free energy
is an expected value over the brains activity, in that spirit we define the metabolic cost
as the expected value of a deterministic cost C', possibly dependent on the activity s
and other parameters of the representation. Now that we have completed our trio we
can write down the probabilistic loss function £ as the sum of the free energy and the
expected cost defining our overall objective:

L= F\J;;, + (Clpatsx) - (61)

Metabolic costs

Before we proceed we have to note the main components on which the loss function
depends, and note what the optimization of these components accomplishes. The three
components are the brain given by py(s | x), the world model parameters given by ©,
and the parameters defining the representation ¢ (such as the decoder matrix before).

3We note that this implicitly does change the distribution. We return to this issue in section
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Optimization of £ with respect to the dynamics py (s | x) balances model inference
of pe(x, ¢(s)) with the cost of implementing such a model C.

Optimization of £ with respect to © is the optimization of F with respect to ©
and therefore aims to make the world model a better description of the observations
x, and has precisely the usual interpretation in variational inference.

Optimization of £ with respect to the parameters defining the representation is
somewhat more subtle. Formally these parameters become part of the world model
when we replace pg(c, x) — po(€(s), x), and therefore we want to optimize them so that
our model best describes the observations. However, the representational cost must also
be considered. Thus, we balance between improving the model’s fit to observations and
the incurred cost of model implementation.

In the next section we will illustrate the optimization of the loss with respect to
py(s | x) for a one-dimensional neuron, implementing a one-dimensional model of the
world.

3.2 A one-dimensional noisy world

The next two subsections will continue analogously to the Background on the SbS
framework, where instead of a single neuron encoding a one-dimensional stimulus, we
consider how we can make a single neuron implement a one-dimensional model of the
world. The first subsection will build the theoretical scaffolding, and the second will

feature a practical implementation which closely mimics the dynamics found in the
SbS framework.

3.2.1 Theory

We will start by developing the theory for a single neuron performing inference with
spikes. We suppose we have a world model pg(x¢,¢;) which at each point in time ¢
explains a one-dimensional observation x; based on some underlying one-dimensional
latent cause ¢;. Furthermore we have a representation ¢(s;) as function of neural
activity, and a metabolic cost C' as a function of neural activity and other parameters
defining the representation. We reasoned that the objective of performing approximate
inference is encoded well by the probabilistic loss £ as a sum of the free-energy and
expected metabolic cost.

L= Flpa(se | z0),po(e(se), 20)] + (Chpy (sila) (62)
for clarity, we will solve the problem without a metabolic cost first, so
L = Flpu(st | z1), po((st), xt)] (63)

We continue with the optimization with respect to py(s; | ;). The loss is expressed
as an expectation value over the distribution py(s; | z;), indicating that optimization
is going to result in a distribution of activity, contrasting the deterministic dynamics
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derived in the SbS framework. As the loss is just composed of the the free-energy, we
can use the relation to rewrite the objective loss as

L = Drrlpw(si | 2:) || pe(éi(se) | z¢)] — Inpe(zy), (64)

where we see that the only term dependent on the brain pg is the KL-divergence
between the brain and the model given a representation. By the properties of the KL-
divergence, the distribution py(s; | 2;) minimizing our loss £ is simply the posterior
pe(Ci(st) | ).

We have to note our abuse of notation, the posterior is now a distribution over
s¢, instead of ¢;, as we performed a very non-trivial change of variables from ¢; to s;.
We assume that the distribution written above is again properly normalized. We will
elaborate on this in the discussion.

Distributions over spikes I. To continue, one might be concerned that calcu-
lating the posterior pg(¢i(s;) | x;) is going to be difficult, but in our simple setting
this will not be the case. To show why, we will have to divert our discussion to show
particular properties of distributions over binary variables. These properties will prove
crucial to understand and utilize our framework.

To avoid confusion we have to state the following results are, to our knowledge,
original, and we have not previously encountered them in the literature. The seed of
this work was an unexplained connection between the deterministic SbS framework and
the work of Mikulasch et al. |48, 49| and the following derivation makes the connection
explicit.

We start by noting general properties of distributions over binary variables, which in
our case will be spikes. Next we consider the posterior of our network as a distribution
over binary variables. And we conclude by noting how this procedure grants us an
extremely appealing form with which we can represent the posterior pg(é;(s;) | x¢).

We note a property of a general function g(s) of a binary variable s € {0,1}. ¢g(s)
can always be written in the following way:

9(s) = 050 g(s =0) + 651 g(s = 1), (65)

then, making use of the following representation of the Kronecker delta

if s/ =1
55,5’ = {S’ oo (66)

(1—s) ifs'=0"
we can write

g(s)=(1—=35)g(s=0)+sg(s=1)

=5(g(s =1) —g(s = 0)) + g(s = 0). (67)
Next, we can write any (non-degenerate) distribution p(s) over s as
p(s) ocexp (= (s)), (68)
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where £(s) denotes the negative log-probability.
Combining these facts we get that any (non-degenerate) distribution over s can be
written in terms of a difference in log-probabilities

p(s) ox exp (— s(l(s =1) — {(s = 0))), (69)

Next we relate the difference in ¢ to posterior inference with binary variables. For
a model p(xy,s;), the posterior p(s; | x;) is given in terms of a difference in the in
log-posterior probability Inp(s; | x;). Remarkably, this difference can be written as a
difference in total model probability:

Inp(s;=1]ax) —Inp(se =0 z¢) (70)
:lnp(st - ]-7‘/Et) - lnp(st = 07 It)? (71)

as we have p(s; | x;) o< p(s¢, x¢) with the normalization constant being independent of
s;. Particularly, we obtain that the posterior pg(¢é;(s;) | z;) can be written as difference
in the negative log-probability of the entire model lg(s;, z¢) := — In pe(éi(si), ).

po(Gi(s) | ) ocexp (— s(lo(sy = 1,3) — lo(s, = 0,z¢)) ). (72)

And we obtain that the posterior is given as a difference between the log-probabilities of
the entire model, a quantity we have easy access to. Indeed, this difference is equivalent
in form to the spiking condition of the SbS framework, where instead of comparing the
loss [62] we compare {g.

Metabolic costs. To complete the conceptual parallel to the SbS framework we
add the final component: Metabolic costs C(s;) as in and define the objective
loss L

£ = Flpu(st | 20),p0(é(s0),20)] + (C(50)) pa(een) (73)
Fun‘(;ion Metabgﬁc costs

We solved equation by rewriting it in terms of a KL-divergence. Here we proceed
in the same fashion. First we write our probabilistic loss in term of a KL-divergence

Drr(pw(se | 21) || pe(Ci(se) | @) + (C(81)) py (sile) — Inpo (1) (74)

Next, the sum of the KL-divergence and expected cost can be rewritten as (for a

derivation we refer to the appendix |A.1))

Drcr(pu(se | m:) || pe(éi(se) | 1)) + <C(St)>p\ll(5t|5’7t)
=Drr(pu(se | ze) || Po(st | 1)) (75)

with

Po(st | m1) o< po(éi(si) | z1)) exp(—=C(sy)) (76)
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The solution py(s; | ;) for the minimization of is therefore given by
pu(se | x) o< exp(—si(L(sy = 1,24) — L(sy = 0,24))), (77)

with L being defined as L(s;, x¢) = lo(s, x¢) + C(sy).

We remain to call the function L the deterministic loss as it determines the mem-
brane potential identically in the SbS framework. Indeed, as the spiking condition
is what gave us the membrane potential u; and a threshold 19, we obtain that at any
moment, the probability of firing is equal to

eut—ﬁ

R —— 78
1+ ewt—9 (78)

p\Il<3t =1 | 331&) =
which solidifies the connection between the 1-dimensional SbS framework and inference
using spiking networks.

Biological plausibility and Information costs. Having derived an expression
for the spiking probability we hope that we can map this expression onto the SRM,
serving as our benchmark of biological plausibility as discussed in section [1.2.2] Un-
fortunately, this is not the case as our benchmark supposes our spiking probabilities to
be of the form

pu(se =1|x) =0t p(uy — 9). (79)

Here, the discretization timescale dt assures an instantaneous spiking rate equal to
p(uy — ) at time ¢. It is important to note, however, that equation lacks this
important pre-factor dt.

We can correct this discrepancy by incorporating a particular spiking cost. We will
first demonstrate that this cost effectively molds our network to align with the SRM
benchmark. Following this, we will deliberate its justification.

Modifying our cost to C(s;) — C(s¢) + s lné grants us the solution py(s; | ;)
given by equation (77). Writing

5t en=? 5t—0

pu(si=1]|x) = T T ot exp(u; — 09). (80)

which indeed mends the problem as we will always consider our discretization timescale
0t to be small.

Next we argue for this specific cost from the standpoint of a living creature. For
any creature, the precise timing of neural responses are useful, but only up to a certain
point. This implies a time scale At, beyond which, any differences in the timing of
spikes are considered equivalent from the creature’s perspective. We can relate this to
our objective if we note that the metabolic cost is weighing against the free energy,
expressed in terms of information. Indeed, the exact timing of spikes carries a wealth
of information that, unfortunately, the creature cannot perceive. We therefore propose
to discount the information content of a single spike to conform to this timescale.
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Figure 3.2: An illustration of the different timescales. From a functional perspective we do
not interest ourselves in precise timings beyond a resolution of the order At. Nevertheless,
our dynamics are defined on the much finer timescale of dt. The information content of a
knowing a the exact spike timing on the timescale 6t in a At bin is given by the log of the
number of bins In % (Given that there is precisely one spike in the interval At)

To make this more formal we will explicitly consider the information per spike
that is unattainable by the creature. The events within our system are the possible
individual spikes. Assuming these spikes are distributed within a At period, with a bin
size of dt, then the number of distinct spike timings within our At period is given by
At/dt (as shown in figure . If each of these timings is considered to be equally likely,
with a probability of d¢/At, information theory states that the information content of
knowing a particular spike timing within the interval At is given by — ln(g—tt). Based
on the previous reasoning, we argue that we should discount the information content
of a single spike by ln(%). We can incorporate this discount into our cost C' by adding
a term —s;In(3L). Then, as we can write —s;In(3L) = s,In(At) — s;In(5t) we get
that this additional cost then introduces the required ¢ factor to make our networks
conform to the SRM.

Before we end the section we make two final comments. First, we have written
In(At) and In(dt), the logarithm of a quantity with units of time. Strictly, this is not
defined and we are required to choose a consistent reference timescale 7o and write
In(At /7). Moreover, we have to note that In(At/7.f) can be either positive or nega-
tive, and therefore if we absorb this into the cost C' = vs;, we have to understand that
a positive v can make sense. Moving forward, we will standardize these considerations,

thereby consistently generating the required pre-factor ét.

3.2.2 Example: Single neuron SbS Kalman-like filter

In this section we complete the parallel to the one-dimensional SbS framework. We
show that our model can derive identical membrane dynamics, and in doing so, it
performs a very similar task to that of a particle Kalman filter.

In the previous section we noticed that we derive the membrane potential from a
difference in the deterministic loss L defined as L := fg + C. To continue, we obtain
lo by defining a generative model pg(x, ;) in its standard decomposition of a prior
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over ¢, pe(c;) and an observation model pg(x; | ¢;)

pe (i, ct) = po(z: | cr)pe(cr). (81)

We choose our prior and likelihood to be normal distributions, with x; assumed to be
normally distributed around ¢; with variance 1/, and similarly in the prior we assume
¢; to be normally distributed around a constant ¢, with variance 1/8,.

poton ) xexp (< 2w —af)  peled e (~te—o ). (s

We note that the generative model itself has no notion of a time-dependency. Indeed
the model assumes every time-step to be independent of another. Nevertheless, we will
see that the representation ¢; introduces a time-dependency.

For this specific model choice we obtain that our negative model log-probability fg
is given by

lo(cy, ) = Inpe(xy, ;) (83)
= Inpe(z: | c) +Inpe(c) (84)
= %(wt — )+ %(Ct — ¢,)? + const (O, ;) (85)
We choose our representation ¢; similarly as
¢ =D Z sp(t—t") =D (ri+s1), (86)
<t

where again o = exp (—%) € (0,1) is the decay constant of the leaky current with &t
the timescale of our discretization, 7 the time-scale of the leaky current, and D a scalar
constant determining the scaling of the representation, and s; € {0, 1} the activity of
our neuron at time t.

Metabolic costs are defined as (28| with the additional term In ¢,

C(St) = (V + In 6t> St,

where v is the cost of a single spike. For completeness we note that v absorbs the
factor In(At) mentioned in the previous section and is therefore allowed to take
both positive and negative values.

The solution py(s; | ;) is then given by combined with (80, and we obtain

2
pu(se | x) o< ot exp (ﬂID (z¢ — Dry) + B.D (¢, — Dry) — E3 (Be + Be) — 1/)
= dtexp (uy — ) (87)
with
D2
uy = B D (x, — Dry) + 8D (¢ — Dry) V= B (B + Be) +v. (88)
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so that py(s: | z¢) defines a SRM with exponential escape noise.
In particular we see that if we set 5. = 0, and S, = 1, we recover a membrane
potential identical to that of the deterministic SbS framework

D2
ub™ = D (z, — Dry), PSRM . — -5 + . (89)

Let us consider both the technical and the conceptual reason for why this occurs.

For the technical reason we simply have to consider the form of the deterministic
loss L as determined by the log-probability ¢g of a normal distribution. The log-
probability /g as given by becomes identical (up to a constant) to the functional
part of the SbS framework if we set 5, = 1 and . = 0. As such L in this context
becomes identical to the SbS framework.

For the conceptual reason we have to consider two objectives. The network derived
from the SbS objective desires to track the signal z; given metabolic constraints. It
does not integrate any prior information of the signal, nor does it need to, as the
signal is assumed to be free of noise. Our framework is different, as it is derived from
Bayesian considerations which inherently integrate prior and current knowledge. The
term containing . simply indicates the importance of leaning on prior statistics.

Our model definition is almost identical to that of a Kalman-filter. As such we can
hope that our dynamics can represent both the mean as well as the variance of a noisy
stimulus. This effect is illustrated in figure (3.3) where we show how a single neuron
is able to roughly track the mean of noisy signal.

We note that the kind of interpolation that our probabilistic representation achieves
is not possible for the deterministic SbS framework. The deterministic spiking rule will
always respond to the extreme values of the envelope of a noisy signal, making it unable
to represent the mean or the statistics.

Furthermore, we note that our model performs reasonable inference even with a
generative model that has an independence of time. Our representation effectively
introduces a time-dependency.

Lastly, we discuss the effect of a metabolic cost v on our single neuron performing
approximate inference. The metabolic cost enters linearly in the threshold of our
network. This linearity makes it particularly easy to understand. Our networks are
spike response models with exponential escape noise. This implies that we can factor
out the effect of v, and interpret it as base firing rate of the network, reflecting the cost
of spiking.
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Figure 3.3: Single neuron performing approximate inference impaired by significant metabolic
costs. We observe that the trajectory captures some general features of the latent signal, albeit
at an offset. The offset is similar as previously exhibited in the deterministic case shown in
example a,b: A single sample of a coupled (8, # 0) neuron performing approximate
inference. The neuron observes the noisy signal x; generated by adding white noise to an
underlying latent signal ¢;. The neural dynamics appear to produce a stochastic representation
¢; of the latent ¢;. a shows a rasterplot of activity over time and b shows the latent ¢;, the
stimulus x; and representation ¢. c¢: 50 coupled sample trajectories as in b, where we can
see that the trajectories seem to approximate the latent cause ¢;. d: 50 uncoupled (8, = 0)
sample trajectories, representing the model prior encoded by a single neuron. e,f: statistical
properties of the 50 sample trajectories where the bold line indicates the mean of the samples
and the shaded regions indicate a single standard deviation. (Simulation parameters given in
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3.3 A multi-dimensional noisy world

In this section we expand to a network of neurons performing inference on a multi-
dimensional stimulus. We proceed by expanding the theory developed for a single
neuron, and showing how this relates to a network of neurons. In particular we see
that our information discount on single spikes leads us to an identical spiking condition
as the SbS framework. Next we briefly discuss the subtleties of learning in our network,
and conclude with basic examples showing basic capabilities of the networks.

3.3.1 Theory

In this section we expand our theory from a single neuron developed in section to
a more general multi-dimensional setting. We will start by making analogous consid-
erations as in the one dimensional case. We suppose we have a world model pg(x;, ¢;)
which at each point in time ¢ explains an observation x; based on some underlying
latent cause c;. The dimension of both the observation and the latent cause can be
arbitrary. Furthermore, we have a representation ¢;(s;) as function of neural activity.
Lastly, we have a metabolic cost C' as a function of neural activity and other param-
eters defining the representation. Together, they allow us to define the probabilistic
loss £ as a sum of the free energy and expected metabolic cost.

L= F\Jf, + {O)pusifx) - (90)
unction

Metabolic costs

Using the previously noted relation (|16]), we write the probabilistic loss as

L= Drplpu(se | %) [| po(Cil(se) [ x0)] + (C(80))pu sty — Mpo(x1) (91)

which we showed (A.1)) to have the solution

pu(s: | x¢) o< pe(Ci(sy) | x:)exp (=C(st) ). (92)

We observe that the solution balances inference in the model pg(€:(s;) | x;) with the
cost of activity exp (—C(s;) ).

What remains is to extend our theory of distributions over binary variables to
the multi-dimensional case. We reiterate that the following derivations are, to our
knowledge, original, and have not been found in the literature.

Distributions over spikes II. First we note a property of a general function g(s)
of a vector of binary variables s € {0, 1}". g(s) can always we written in the following
way:

g(s) = Y exgls). (93)

s'e{0,1}7
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furthermore we note that for binary vectors s and s’ we can write the Kronecker delta
0s.s QS

st if " =1
Oss = 5Si sty with 53. s = ’ . .
s,8 ];[ s 1,55 {(1 _ Sl) lf S/l — 0

We will illustrate is that these identities allow us to rewrite g(s) in a form where terms
are grouped according to the number of non-zero components in the binary vector,
which we will refer to as the "order" O(s) of s.

For clarity, we show this in the case that n = 2 where we demonstrate that g can
be broken down into a series of terms, each corresponding to a different order (zeroth,
first, and second).

g(s) =(1 — s1)(1 — 52)9(0,0) + s1(1 — s2)g(1,0)
+(1 — 51)829(0,1) + s1529(1,1)

= 9(070) +31(9(170) - 9(070)) + 32(9(07 1) - 9(070))
SN—— ~ -

zeroth order ﬁrst‘c,)rder
+§132(9(17 1) - 9(17 0) - g<07 1) + 9(07 0)) :

second order

Significantly, this decomposition is not limited to this specific example. We note that
we can express ¢(s) in this form for any binary vector, where terms are grouped by the
number of non-zero components, or again, the ’order’ of the binary vector s. Grouping
terms of order two and above allows us to rewrite g(s) as

g(s) = 9(0) + Z s'(g(e') — 9(0)) + O(s) (94)

Next, we can write any (fully-supported) distribution p(s) over s as

p(s) o< exp (= £(s)),

where now £(s) denotes the negative log-probability of the distribution p(s).
Combining these facts, we get that any (fully-supported) distribution over s can be
written in terms of its log probability as

p(s) x exp ( - Z si(0(e;) — £(0)) + O(S2)>, (95)
where £(0) gets absorbed by the normalization constant. Again, we define g (s;, x;) 1=

—Inpe (x4, €:(s;)) and the deterministic loss L(sy, x;) = Lo(ss, x;)+C(s;). Subsequently
we apply our newfound form to rewrite the solution py(s; | x;) of as:

pulse | i) ocexp (= 3 si(L(eix) — L(0,x) + O(s?) ). (96)

i
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This equation shows that the multi-dimensional spiking condition of the SbS framework
gets embedded in the spiking probability py(s; | x;).

To continue, we apply our reasoning about discounting the information contained
in single spikes events as in section [3.2.1] and redefine the metabolic cost as

C—C+1In(t)) s (97)
granting us the solution for py(s; | x;) as
puls: | x:) oc (68)% exp ( =3 siI(ex) — L(0,x0) + O(s%) ) (98)

We notice that as 0t approaches zero, the probability of simultaneous spike events
approaches zero. Specifically, this implies that the probability of spiking for individual
neurons at a specific time will become independent as the distribution will converge in

distribution to (see for motivation)
pulse | x) =[] pu(si | x) (99)

with
pulsi = 11x0) = 8t exp (= (L(e',x:) = L(0,x,)) (100)

Remarkably, our framework has managed to leverage considerations about metabolic
costs to derive a network of neurons with the SbS spiking condition embedded in the
exponential.

In the next example we show the extended capabilities of a network of multiple
neurons in the objective of tracking a signal.

3.3.2 Example: Two neuron SbS Kalman-like filter

We’ve extended our theory to a network of neurons performing approximate inference.
Here we present a small extension to the previous example of where a single
neuron behaved as a particle Kalman filter.

The world model pg (x4, ¢;) is defined as before with

pe(wy | c) oc exp (—%(xt - Ct)Q) po(cy) oc exp <—%(Ct - Cp)Z) )

but we choose our representation ¢(s;) differently. The network consists of two neurons,
one coding for up, and one for down as given by the decoder matrix D.

G=DY sus(t—t)=D(r+s), with D=(d —d). (101)

t<t
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for d a scalar constant. We choose our metabolic costs as
C(s) = (v+In(ot) ) > s, (102)

Using these definitions we apply our result (100]) to derive a SRM py(s; | x;)

pu(s; =1]x) = ot exp(u; — V) (103)
with
diag(W
u; .= Fo, + Wry, I = % + v (104)
F = 3,D7, W .= -3,D'D (105)

where z; is treated as a one-dimensional column vector for the purpose of matrix
multiplication.

The resulting dynamics are shown in figure The first, striking feature of the
network dynamics is the erratic movement of the representation as shown in figure
[3.-4b. The network is now leveraging both neurons in the representation to track the
stimulus. A single sample of the representation displays erratic behavior, but figure
[3.4c,e show that the statistical behavior of the representation is able to match the
intricate details of the latent ¢;.

We also notice that both the coupled and the decoupled network exhibit a slight gap
between the latent cause and the representation. We can explain this by the metabolic
cost on the network. Indeed we can show this by considering an extreme example of
a network with a very low metabolic cost. Figure shows the dynamics of such a
network. A single sample of the network seems to show extreme erratic behavior, known
in the literature as the ‘ping pong‘ effect, where the representation keeps jumping up
and down. However, if we consider the statistical properties shown in figure [3.5c-f, we
get a near perfect between the latent cause ¢; and the representation ¢;.

In summary, we are able to use our theoretic result to build networks of neurons that
perform approximate inference on a noisy signal. We have briefly shown the possible
effect of a metabolic cost on network behavior, and shown how this might constrain
inference.

3.3.3 Learning

In this section we discuss the learning of the parameters of the model pg(xy, c;) as well
the parameters defining our representation ¢. We will show that again, we can derive
learning rules that follow a gradient, as is most commonly done in variational inference.

In our extended framework, learning is in principle analagous to the SbS framework,
where we simply attempt to optimize the loss at each moment in time. We do, however,
have to proceed with care. The representation parameters enter in the loss both through
the representation ¢ as well as the derived network py(s | x) causing the gradients to
possibly become complex. Futhermore, the SbS framework did not have any notion of
model parameters, and we have to show that model optimization makes sense in our
current, greedy framework.
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Figure 3.4: A network of two neurons performing approximate inference impaired by metabolic
costs. We observe that a single sample trajectory seems to move erratically around the latent
ct, but the aggregate statistics form an excellent representation of the latent cause ¢;. Note
that the network still exhibits a slight offset incurred by metabolic costs. a,b: A single sample
of a coupled (B, # 0) network of two neurons performing approximate inference. The neurons
observe the noisy signal z; generated by adding white noise to an underlying latent cause c;.
The network dynamics dynamics appear to produce a stochastic representation ¢ of the latent
cause. a shows rasterplot of the activity for the two neurons over time and b showing the
latent cause ¢, the stimulus x; and representation ¢; produced by the network. c¢: 50 coupled
sample trajectories as in b, where we can see that the trajectories seem to approximate the
latent cause. d: 50 uncoupled (8, = 0) sample trajectories, representing the prior statistics
of the model encoded by the network. e,f: statistical properties of the 50 sample trajectories
where the bold line indicates the mean of the samples and the shaded regions indicate a single
standard deviation. (Simulation parameters given in table (3)
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Figure 3.5: A network of two neurons performing approximate inference with a very low
metabolic cost. We observe that a single sample trajectory seems to move extremely erratically
around the latent cause ¢;, but the aggregate statistics form an excellent representation of the
latent cause. The network now produces a representation where the mean has a near perfect
fit to the underlying latent cause, as it is uninhibited by metabolic costs. a,b: A single sample
of a coupled (B, # 0) network of two neurons performing approximate inference. The neurons
observe the noisy signal x; generated by adding white noise to an underlying latent cause
¢t. The network dynamics dynamics appear to produce a stochastic representation ¢; of the
latent cause ¢;. a: rasterplot of the activity for the two neurons over time and b showing the
latent cause ¢, the stimulus x; and representation ¢; produced by the network. c: 50 coupled
sample trajectories as in b, where we can see that the trajectories seem to approximate the
latent cause ¢;. d: 50 uncoupled (S, = 0) sample trajectories, representing the prior statistics
of the model encoded by the network. e,f: statistical properties of the 50 sample trajectories
where the bold line indicates the mean of the samples and the shaded regions indicate a single
standard deviation. (Simulation parameters given in table (4]
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Model parameters O. Here we briefly discuss the optimization of the £ with
respect to the model parameters ©. First we will show how we can make sense of
the optimization in our greedy setting, then we consider parameters in our observation
model pg. In principle, the optimization of the £ with respect to © aims to make the
world model a better description of the observations x, as is the objective of variational
inference. We will discuss here how this fits within our framework.

The derivative of our loss £ with respect to # € © is given by

9 9 )

%,C = —% <1np®(Xt, ct))pq,(st‘xt) (106)
) ) 9 A

— —% <1Ilp®(Xt | Ct)>P\I/(St|Xt) - % <1np®(ct)>p\11(st|xt) . (107)

Intuitively, one might want to follow the gradient with respect to 6 and indeed, this
is what is most commonly done when applying variational inference. However, our
entire framework is based on a greedy approach, where we optimize the current loss L.
We can therefore wonder how we can reconcile our intuition about slow evolution of
parameters with this greedy approach, just as we have done for our representation in
section 2.3

The key to reconciliation is that we can shape the optimization with respect to 6
by putting a particular prior on 0, effectively introducing a cost. For example, we can
assume the prior that our parameter 6;, now denoted as a function of time, performs a
random walk with variance 1/v where v is a scalar constant. This results in a prior of
the form

Ppo(6:) o exp (—% (Aetf) . (108)
t

With this prior on 6, we effectively change 6; to a random variable. As such, to obtain

0; at any point in time, we have to perform a kind of posterior estimation, for which

we will illustrate two techniques for our purposes. But first we write out the posterior

for 6, and get

pofy | 011) o exp (=5 (A6,)° + Inpo(xi, &) ) (109)

and by assuming dt to be small, we obtain that the posterior of 6, is given as the dis-
cretization of a random walk with drift term proportional to the gradient of In pg(x, ¢;),

5t O 2\
po (b | Oi—1) o< exp <_21(5t (9t — 01 — ;%mp@(xt,ct)) > , (110)

The first technique is again a particle filter approach where we can sample from
the random walk derived above. This particle filter approach is also known under the
name of ‘plasticity as sampling’ and has been explored by [37].
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Another method would be to apply MAP estimation, tracking the most likely value
of the posterior. We illustrate MAP estimation on the posterior obtained above and
obtain

ot 0
Ay = —— Inpe(xy, C). 111
We can connect this learning rule to those derived for the SbS framework. The loss
consists of the free energy, which itself is an expectation value of — In pg(x;, ¢;). There-
fore equation [111] mirrors the derived learning rules for the SbS framework as the
derivative of the loss. We note that this approach to plasticity is very common, and is

a key component in the popular predictive coding framework of Friston. |26 |51]

Representation parameters. Optimization of £ with respect to the parameters
defining the representation balances between improving the model’s fit to observations
and the incurred cost of its implementation. Deriving learning rules in the probabilistic
case might seem difficult as the these parameters appear in the brain py(s | x) over
which we are taking an expectation value. Nevertheless, we can avoid this caveat and
derive learning rules analogously to section [2.3]

We define the representation ¢;(A,s;) as a function of s; and other parameters,
denoted by 2 and would include such objects as the decoding matrix D.

Taking the derivative of £ with respect to a representation parameter A € A intro-
duces immediate complications. We can write the probabilistic £ as an expectation
value over the distribution py (s, c;). The expectation value contains a dependency on
A both within the expectation value through the representation ¢; and in the distri-
bution py(ss, c;). This implies that taking a derivative with respect to the loss might
become unmanageable.

To solve this issue we return to the principles of variational inference. Variational
inference splits the optimization of the model and the approximative distribution into
two distinct operations. In our framework we have muddied these two steps, but
nevertheless we can separate them. We can treat A as a model parameter, and ignore
the dependency in py(c; | x¢).

In the following examples we have relied on the learning rules given by to
optimize our networks. The examples are simple enough that this method is more
than sufficient.

We should conclude by nothing that, similar to the learning rules of the decoder
in the deterministic SbS framework, these learning rules are not bio-plausible. These
learning rules are derived from a top-down perspective, attempting to optimize neural
function.

3.3.4 Example: Disentangling a high dimensional stimulus

In this experiment we aim to see if our network can disentangle two simple latent
causes from a high-dimensional stimulus x;. First we introduce how the stimulus x; is
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Figure 3.6: The generation of a high-dimensional stimulus. a: Depiction of latent causes c;
and generated stimuli at six different time-points. Each ¢! is drawn as a sample from an
Ornstein-Uhlenbeck process with a mean of 5, amplitude of 0. = 3 and a correlation time of
400ms. Observations are generated as a superposition of causes with projections P;. b,c:
The Gabor projection matrices P?, used for stimulus generation.

generated. Then we define and justify our choice of model pg(x¢, ¢;), representation ¢
and metabolic cost C' to derive a spiking neural network py(s; | x;). Lastly, we present
and discuss the results.

Our stimulus is generated as follows: we sample a vector of two causes c; indepen-
dently as two independent Ornstein-Uhlenbeck processes. The stimulus is given at each
point in time as a linear sum of the causes projected onto a high dimensional space

Xy = Pth (112)

An example of the stimulus generation is shown in figure |3.6

In a previous example (3.2.2)) we showed that a single neuron can represent the
kind of latent dynamics of ¢; underlying the stimulus. Here we investigate if a network
of two neurons can learn to disentangle the high-dimensional stimulus and effectively
represent the individual causes c!.

We define the model pg(x; | ¢;) as

po(x: | &) o exp (—%@ - cht>2) po(er) o exp (—%(«:t - cp>2) ,

with representation ¢;

¢, 1= DCZst//@(t —t')=D.[r; +s¢, with D,= <g 2) ) (113)

v<t
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for d a constant and metabolic cost C

C(s) = (v + In(6t) )Z:sZ

As such, our two neurons model each cause ¢! separately with identical prior dynamics
to the previous example. The notable difference here is the introduction of the matrix
D., a model parameter indicating how each cause relates to the observations.

Using these definitions we apply our result to derive a SRM py(s; | x;)

pu(si=1|x;) =t exp(ul —?) (114)
with
diag(W
u; = Fx; + Wry, V= % — BcDecy, +v (115)
F .= 8,DID7, W :=-4,D;D;D,D. - 5D;D,,  (116)

The resulting network dynamics, for a random D, are shown on the left side of figure
3.7

For the network to learn and disentangle the two stimuli we have to optimize the
L with respect to D,.

0 0 .
anﬁ ~ 7D, (Inpe(Xt, €)) (s %) (117)
= Bo(x; — Dycy)c! (118)

and slowly follow this gradient to optimize the network. The result are shown on the
right hand side of figure[3.7 We conclude, that indeed the network is able to reduce the
dimensionality of the stimulus and track its underlying latent causes. Furthermore, we
observe that the Decoder D, produces a representation closely resembling the Gabor
patches used in stimulus generation, effectively encoding the stimulus generation itself.

3.3.5 Example: Learning an anticipatory code

In this experiment we aim to see if a network of neurons can learn to leverage underlying
temporal regularity in a stimulus x;. In this example we first introduce the generation
of stimulus x; is generated. Then we define and justify our choice of model pg(x, c;),
representation ¢; and metabolic cost C' to derive a spiking neural network py(c; | x;).
And lastly, we present and discuss the results.

We generate a highly predictable stimulus as follows: first we generate a two di-
mensional cause c;, the components of which are sine waves with a phase difference of
7/2, then we generate our stimulus x; by adding white noise on top of the two causes.
The stimulus generation is depicted in figure 3.8

Thus far, our model priors pg(c;) were independent of the past. All the temporal
correlations present in our network were induced by the dynamics of the representation.
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Figure 3.7: A network of two neurons performing inference on a multi-dimensional stimu-
lus. The left side indicates the behaviour of the network before learning a representation D,
of the stimulus x¢, and the right side shows the behaviour of the network after learning a
representation of the stimulus. After learning, the representations D, resemble the Gabor
projection matrices P, used in stimulus generation. a,b: raster plots showing the spikes for
the two neurons. c-f: depiction of the latent cause ¢; used in data generation, as well as the
representation ¢; produced by the network. c,e show that the network has no real representa-
tion and does not faithfully reproduce the latent cause, while d,f show that through learning
D, the network is able to track the underlying latent causes used to generate the stimulus
x:. g,h: randomized initial representation D, before learning. i,j: representation D, after
learning closely resembling the Gabor patches used in the stimulus generation. (Simulation
parameters given in table [5)
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In this experiment we explicitly add a time dependency to our model pg(xy, ¢;), so that
we can attempt to capture the time-dependency of the latent cause c;. We define the
model pg(xy,¢;) as

B Be _
p@(Xt ’ Ct) X €xp (—7<Xt - Ct)2 p@(Ct) X €exp _E(Ct - Dpct)2 )
where D,, is a matrix and ¢, is defined as a low-pass version of c,

Gt = ¢ + (1 — )61, a€(0,1)

Here oy, = exp <—%> denotes a time constant. The low pass of the cause ¢; will serve
P

as memory for the system, and we suppose that the network will be able to leverage
this memory and align the matrix D,, to match its own representation.
We define our representation ¢ as

ét = DC Z St//ﬁ(t — t,) = DC [I‘t + St] s Wlth Dc = (g 2) . (119)

v<t

for d a scalar constant. The representation simply consists of two duplicate copies of
the representation used in the one-neuron filter of example [3.2.2]
Furthermore we define the metabolic cost C' as

C(s;) =In(5t) Y s

i

Using these definitions we apply our result (100]) to derive the SRM py (s; | x;)

qu(Si =1]|x) =4t exp(ui — ﬂi) (120)
with
diag(W
u, = Fx;, + Wr, + W't Y= # — BeDecy (121)
F = 3,D!, W= —3,D;D, - 3D D,, (122)
L TT
WP .= 5.D, D,D.. (123)

These dynamics are similar to the dynamics proposed by [59], which uses the SbS
framework to derive a network which simulate Langevin sampling.

We show the resulting network dynamics for a network of 20 neurons with an
optimized D, in figure . Here, each neuron a has unique contribution to the encoding
of the representation ¢, as shown in[3.9d. The figure shows that the network is able to
track a stimulus over time, and notably, it is able to align the matrix D,, such that the
internal prediction Dpét nearly matches the current representation as shown in .

The network is able to construct a prediction Dpét of its internal representation c;.
We proceed to investigate whether the network is able to leverage this prediction to
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Observation & Cause

Figure 3.8: The generation of a highly predictable stimulus. a: depiction of the components
of ¢t of the latent causes generated as sine waves with a phase difference 7/4. Observations
x! are generated as a superposition of ¢! with white noise. b: depiction of the latent causes
and the observations over time, showing that the stimulus rotates in time making it highly
predictable.

autonomously sustain its highly predictable representation. We tested this by decou-
pling the network from the observations by setting 3, to zero and the results are shown
in figure [3.10} We see that the in the first 0.5 seconds the representation ¢; faithfully
follows the periodic motion of the underlying latent c; as its still coupled to the obser-
vations x;. After decoupling, the network is able to sustain a kind of oscillatory motion
in its representation.

We observe in figure [3.10b that the network seems to become more regular in its
sequential spiking activity. We suspect that the spread of activity before decoupling is
a result of the corrections to the representation due to a mismatch between the internal
representation and the observations.

In short, we are able to show that we can derive a SRM from a model with explicit
past dependence. We showed that the network can use the explicit past dependence
to construct a prediction about its own representation. Furthermore, we showed that
the network is able leverage this prediction to sustain oscillatory motion.
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Figure 3.9: A network of 20 neurons tracking a highly predictable stimulus. a: depiction of
the underlying latent c;, the observation x; and the representation ¢; generated by the activity
of the network. We see that ¢; closely follows the latent c;. The transparent curves show
the second components of the listed quantities. b: depiction of the internal representation
¢;, its low-pass ¢; and the internal prediction Dpét. We see that the network is able to align
D, such that the low pass ¢; becomes predictive for the representation ¢;. c: raster plot
depicting the activity of the twenty neurons over time. d: a depiction of D, showing how
each neuron contributes to the representation ¢; with colors corresponding to the raster-plot
c. e: a depiction of the internal prediction matrix D,,. (Simulation parameters given in table
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Figure 3.10: Activity of a network before and after decoupling from observations. At time
t = 0.5s the network will be blind from observations as we set the precision (5, to zero.
The subsequent activity is a result of the network attempting to follow its own internal
representation, inducing a feedback loop resulting in autonomously sustained activity. a:
depiction of the representation ¢; and the networks internal prediction Dpét. b: raster plot
depicting the activity of the neurons over time. Note the diagonal pattern in the raster plot
implying sequential activity of the neurons. c: a depiction of D, showing how each neuron
contributes to the representation ¢; with colors corresponding to the raster-plot b. (Simulation
parameters given in table @

o4



3.4 Relation to predictive coding

In this section we discuss the relation of our theory to that of predictive coding. Pre-
dictive coding is a term that has increasingly been used in theoretical neuroscience.
Unfortunately, the literature has not been consistent in its use. In this section we will
both describe the relation of our extended framework to the two main interpretations
as presented by [2] and [51].

3.4.1 Predictive coding as a motif

The fundamental idea of predictive coding is that the function of neurons is to respond
to a disparity between a stimulus and a prediction, and this disparity is called the
prediction error. Predictive coding in this sense supposes that the task of the neuron
is to minimize prediction error. This way, the neuron only responds if there is a change
in either the stimulus or the prediction, saving valuable resources if the environment
is regular.

The idea is conceptually neat and general, however, with great generality comes
confusion. As Aitchison and Lengyel [2] point out, what can be understood as a
prediction error is not so clearly defined.

To illustrate this we turn to the SbS framework, where we can easily interpret the
objective of the neurons. In the SbS framework, the neurons quite literally encode
the prediction error. Indeed, if we consider the representation X of a stimulus x to
be a prediction, then, as the membrane potential of the SbS framework is responsive
to a difference between the representation and the stimulus, the SbS framework is
implementing predictive coding. For this reason, one of the original papers on the SbS
frame titled “Predictive Coding of Dynamical Variables in Balanced Spiking Networks”
[13] has been framed in the context of predictive coding. Because of the interpretability
of the membrane potential as an explicit error computation, the SbS framework has
been used to investigate the biological signatures of predictive coding [41].

Unfortunately, our extension to the SbS framework muddies the clear interpretation
somewhat. Our extended framework does not simply compute the difference between
a representation and a stimulus, but also between the representation and the prior,
producing a sample of a posterior distribution. And so, while it is clear that our net-
work performs an error computation, it is not immediately explained as the difference
between a prediction and an observation. If we want to understand this function as
predictive coding, we have to again, counter-intuitively, view the representation itself
as a prediction.

Error computations are incredibly useful and arise from various theories of neural
function, including the one in this work. However, as our work already shows, the
interpretation of the error computation is not universal. Aitchison and Lengyel [2]
propose a solution to the generality of this definition. They propose to view predictive
coding and error computations in the light of motifs [3]. A motif is a pattern which
seems to occur in various parts of a system. Thereby viewing the error computation
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itself as emerging in service of various goals. This proposal makes considerable sense in
our framework, as we can derive error computations, but with different interpretations.

3.4.2 Predictive coding of Rao, Ballard & Friston

Another popular use of the term predictive coding is to refer to the seminal work of
Rao and Ballard titled “Predictive Coding in the Visual Cortex” [57] and the later
generalizations of this publication by Friston et al [26, 27, [28]. The publication illus-
trates one of the first principled derivations of bio-plausible neural networks. Besides
its capabilities, which we will not discuss here, there are two notable features of the
network. The first is that the networks are rate based, meaning that the concept of a
spike has been abstracted. Secondly, the neurons perform an error computation, fitting
with the characterization of predictive coding as a motif discussed above.

Here we showcase how one can use the conceptual framework put forward in this
work to reinterpret this of the predictive coding framework. We will first showcase a
concise derivation of the predictive coding framework following the work of Millidge et
al. [51]. Subsequently, we show that we can also derive the same dynamics from defining
a functional objective, a representation and a metabolic cost, as per the spirit of the
SbS framework. We hope that this section provides conceptual insight by providing
another perspective on predictive coding.

Derivation. The following derivation is a summary of the derivation given in the
work Millidge et al. [51]. In a nutshell, predictive coding is obtained from performing
approximate MAP estimationf| using variational methods and a particular choice of
model and approximate distribution. Here we explain this in more detail.

To use variational inference, one needs to describe its model of the observations
pe(x,c), and an approximate posterior pg(c | x). To obtain predictive coding, we
assume pg(X,c) = pe(x | ¢)pe(c) to be a product of normal distributions

pe(x | c) = N(x; f(8.c),102) (124)
pe(c) = N(c; g(6.x'),107) (125)

Here f,g are arbitrary differentiable functions, r’,0,,0.,0,,0. € © are parameters
of the model and N denotes a normal distribution, implying here that x is normally
distributed around f(0,c) with covariance Io,.

Next we make the assumption that our approximate posterior is given by a dirac-
delta po(c | x) = d(c —r) with center r.

These definitions allow us to write down the free-energy

Flpa,pe] = (—Inpe(x, C)>pq>(c\x) — (—=Inpe(c | X)>pq>(c\x) (126)

4In the literature one often refers to a slightly more involved technique of the ‘laplace approxima-
tion‘ the result is the same.
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Now we assume the entropy of the dirac-delta to be zerd’| and since the entropy of the
dirac-delta is zero we have

F(ps,pe) = (— Inpe(x, C)>p¢(c|x) (127)
= s (x— (0.)TS (x — f(6r)) (128)
+ 2%2(1' = 9(6.7)) . (r — g(6.1)) + const(, 0c) (129)

then finally, to derive dynamics, the predictive coding framework assumes that param-
eters follow the negative gradient of the free-energy, granting dynamics in continuous
time.

dr  OF

i o (130)

essentially performing approximate MAP estimation as discussed in [[.4] Doing this for
all variables yields the dynamics of the predictive coding framework, however we focus
on the center r of our approximative distribution pg(c | x). The center is interpreted
as the instantaneous rate of the neuron, which implies that the firing

% = %(X — f(0,r))f'(0,x)0, — %(r —g(6.1)) (131)

O N et OF N et

where we see that the dynamics are given as the sum of two error computations indi-
cated by the brackets. These error computations arise as a consequence of the network
attempting to balance the observation model pg(x | ¢) with the prior pg(c) both of
which are Normal distributions.

Reinterpreting predictive coding. There are strong similarities between the
previous derivation and the foundations of the SbS framework. Here we show that
we can derive equivalent dynamics of the predictive coding framework by defining a
functional objective, a representation and a metabolic cost on the representation. Note
that the following derivation is done for discrete time-steps.

We begin by defining function by the free energy, setting approximate inference
with respect to a model pg(xy, ¢;) as the objective. Here we make the assumption that
the inference will be performed by an approximative distribution pe(c; | x;) equal to a
Dirac delta with center ¢;

po(c: | x¢) = d(cy — &) (132)

Next we have to define the neural representation ¢;. We choose to define it as a function
of a vector r; denoting the firing rate of a population of neurons.

5Tt is strictly undefined, but here it is assumed as the dirac delta distribution carries no uncertainty.
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Before we introduce a metabolic cost, lets consider what our framework implies. The
functional component of our loss will be given as the free energy with an approximative
distribution given by a Dirac delta

Flpe,pe] = —Inpe(xt, €:(r:)) (133)

implying that the minimization of £ is simply performing ezact MAP estimation of
po (X, € (ry)) with respect to the firing rate ry.

We argue that the organism cannot change the firing rate of a neural population
arbitrarily quickly. We therefore regularize the rate of change of the firing rate r; by
introducing a familiar metabolic cost

gl 2
C(r) = —||Ar]|, 134
() = L[l (134)
for v again a constant and 0t the discretization timescale. We have the loss £L = F+C
and minimization implies the dynamics

0t 0F [pe; pe)

Ar, — —
o Y or,

(135)
obtaining the discretized version of the predictive coding dynamics [I30] Now we con-
clude by choosing the model pg(c; | x;) as in the predictive coding framework, given
by equations and , and choosing a trivial representation ¢;(r;) = r;. This
way we obtain identical, albeit discrete, dynamics from a different perspective.

We see that indeed, by defining function, neural representation and metabolic cost,
we can derive identical dynamics to the predictive coding framework. The benefit is
that unlike the original derivations, it is clear where the conceptual distinction between
model and brain lies. This distinction may seem unnecessary, as in reality, the barrier
between model and brain might not be present. Conceptually, however, one desires
to separate the networks and the function they perform. This way one can possibly
isolate the signatures arising from a specific kind of representation.
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4 Discussion

In summary, this work provides a novel approach to derive bio-plausible spiking neural
networks from the objective of performing approximate Bayesian inference. The net-
works perform approximate inference by construction a sampling based representation.
We have demonstrated the capability of these networks to carry out simple functions,
such as imitating a Kalman filter. Additionally, we have illustrated the close connection
between our framework and the theory of predictive coding.

Given that our study is both in its infancy and highly conceptual, several questions
remain open. We will briefly discuss the connection between our framework and the
Bayesian brain hypothesis. We also intend to delve into our framework’s relevance
to experiments and discuss the framework’s limitations. Finally, we will conclude by
suggesting potential directions for future research.

4.1 Are we Bayesian?

We derived our networks from the objective of performing approximate Bayesian in-
ference. Approximate implies that we are unable to perfectly compute the posterior
distribution pe(c | x). A significant question arises: do our networks carry out a
Bayesian computation in any form, even if it is in relation to a different model? The
answer is indeed, and has implicitly already been shown. Our extended framework de-
rives its dynamics from minimizing the KL-divergence with respect to the distribution

po(Ci(st) | xi) exp(—C(sy)) (136)
which itself is the posterior distribution of
pe (X, €(st)) exp(=C(st)) (137)
with an effective prior on the network activity
po(Ci(s:)) exp(—C(sy)). (138)

This showcases that our spiking networks can be seen as the result of a Bayesian
computation. Simultaneously, it showcases a potential problem with the Bayesian brain
hypothesis: our networks can be considered Bayesian, no matter how constrained their
dynamics. Indeed, the Bayesian computation underlying our networks infer neural
activity, but the resulting neural activity may be significantly constrained by cost of
producing the activity. We have seen this fact in our example of the single neuron
Kalman-like filter shown in figure [3.3] Here, the discrepancy between the latent cause
and representation was induced by a higher metabolic cost, showing that the single
neuron could not generate enough spikes to build an accurate representation.

The vivid illustration that an arbitrarily constrained network can still be considered
Bayesian should imbue us with caution to the Bayesian brain hypothesis. It highlights
the insufficiency of relying solely on Bayesian inference as a guiding principle for brain
function. To establish brain function on principled grounds, it becomes necessary to
incorporate additional constraints.
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4.2 Relation to experiment

Theoretical work like ours is only useful insofar it can relate to experiments. Thus, we
need to evaluate if our current efforts are substantial enough to derive meaningful pre-
dictions. Unfortunately, we believe that the theory is too immature to make significant
claims. This inadequacy is in part due to the oversimplified character of our derived
networks, and while we manage to construct biologically plausible neural networks,
their complexity pales in comparison to that of the brain. Additionally, our frame-
work’s flexibility, partly attributed to its Bayesian foundation, allows us considerable
modeling freedom. Therefore, it is important to exercise caution when interpreting our
results.

Nevertheless, we believe the network is well suited to contextualize experimental
phenomena, in light of a Bayesian, sampling-based approach. One example of such
an effort can be seen in a precursor to our work [49], which provides a novel interpre-
tation for locomotion’s surprising effect on neural activity in the visual cortex. The
interpretation suggests that locomotion forecasts changes in the visual field, therefore
accounting for a part of the observations, a process referred to as ‘explaining away* [55],
a distinctly Bayesian feature. We suspect that the main benefit of our framework lies
in this direction, where we use the framework to contextualize phenomena and provide
a clean functional interpretation.

Although the theory we propose here may not yield immediate predictions, it has
the potential to propose alternative interpretations to established theories regarding
brain function. For instance, the predictive coding framework of Rao, Ballard & Friston
[57, 26, 27, 28] has become both extremely influential and controversial |1, |50]. Our
extended SbS framework can be used to contrast the framework of predictive coding,
which suggests a parameter-based representation of uncertainty. One could attempt
this, for instance, by constructing networks that aim to perform the same inference
task, isolating the signatures associated to each framework.

4.3 Limitations

The SbS framework and our extension both rely on significant assumptions. Here we
elaborate on the apparent limitations.

Greedy formulation. In our theories we have a loss function, either L or £, which
is optimized at each point in time. At first glance this might seem counter-intuitive and
sub-optimal as we disregard the performance of our networks in the future. But here
we point out that inference itself is agnostic to future, unknown observations, and can
be seen as a greedy procedure, integrating present observations with prior knowledge.

We illustrate this point by referring back to the theory of variational inference.
Bayesian inference desires to find the posterior pg(c | x) of a generative model pg(x, c),
given observations x. The theory of variational inference shows that the free energy

Flpa(c|x),pe(x,c)] (139)
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is minimized for pe(c | x) = pe(c | x). Showing that indeed, general inference can be
seen as the greedy optimization of a loss function. Therefore, the greedy formulation
is not a limitation from the perspective of performing inference.

Discrete change of variables. A key part of our framework is the choice of
spike-based representation ¢(s). We used the representation as a substitution of the
cause ¢ of the generative model pg(x,c). The problem is that it is uncertain whether
this makes much sense mathematically. One can point out that we are trying to capture
a continuum by a discrete set of points, in our case the different spiking events.

Our approach introduces complications at two different stages of our derivations.
The first complication concerns our framing of variational inference in terms of spikes.
One can understand this as performing variational inference with the approximative
distribution pg(c | x) defined as

palc|x) =) d(c—e(s)pu(s | x) (140)

S

The problem with this formulation, is that the computations relating to the KL-
divergence are not well defined. Our approach is simply the consequence of naively
attempting this calculation. Note that in the case that s were to be continuous and
the mapping ¢ were to be a diffeomorphism, this formulation would lead to a standard
change of variables, motivating its formulation.

The second complication concerns the utility of the generative model after the
change of variables. Take the Kalman filter as an example. The Kalman filter itself
might be a highly useful way to integrate observations. After a change of variables to
a spike-based representation, the model pg(x,¢(s)) is no longer a Kalman filter. The
latent structure of the model is now expressed in terms of discrete points of neural
activity. It is currently hard to get a handle on the efficacy of the resulting model to
perform inference.

Nevertheless, we have to note that general principles of variational inference still ap-
ply to distributions of discrete variables. As such, once we have crossed to a spike-based
representation, all of our reasoning around optimization of the model and representa-
tion remain sound.

Deriving dynamics and bio-plausibility. The exact structure of our network
is a product of the choice of functional objective, representation and metabolic cost.
The choices made in this work allowed us significant simplifications. For instance, our
exposition on the deterministic SbS framework had its functional functional objective
defined as a square loss and its representation a linear sum over neural responses
. This combination allowed us to explicitly write out the spiking condition and
obtain network dynamics, fitting the bio-plausiblity benchmark of the spike response
model. However, once the functional objective or the neural representation increases
in its complexity, we can no longer explicitly write out the spiking condition and derive
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network dynamics. This could, for instance, happen if we desire representations as a
non-linear function of network activity. Once this occurs we encounter two immediate
issues.

The first issue is that we are required to introduce approximations to the spiking
condition of our framework to derive network dynamics. The spiking condition can be
written as a linear difference between the loss

L(s, = 1) — L(s, = 0) (141)

which we are no longer able to compute with non-linear representations. To combat this
we require approximation techniques. Our simplest proposal would be to approximate
the finite difference in s; by a derivative

L(s;=1)—L(s; =0) = iL(st =0)
3St
treating s; as a continuous variable and allows us to write the dynamics in terms
of the derivative of the representation. We note that for choices of function, neural
representation, and metabolic costs, as defined in this work, the approximation leads
to near identical dynamics.

The second issue relates to the benchmark of bio-plausibility. We set the benchmark
as the spike response model, which writes its membrane potentials as a linear sum of
neural responses. If we turn to dynamics derived from non-linear representations, we
will most certainly fail to meet this benchmark. Therefore, to address further bio-
plausibility, one is required to revisit the benchmark.

4.4 Outlook

The aim of this work was to provide scaffolding to explore ideas in theoretical neu-
roscience. Our framework provides a novel method to derive spiking neural networks
from the objective of performing approximate Bayesian inference. While this may be
interesting in its own right, the real utility lies in its application in future research.
Here we briefly suggest the possible research directions.

General sampling based inference Our belief about the utility of our networks is
directly related to our belief about the utility of general sampling based inference.
Indeed, if we had little faith that sampling based inference could match the ability
of the brain, then our research would seem futile. We therefore suggest future
research in the general capabilities of sampling based inference. Luckily, the
interest in particle filters remains strong [63), |61], with many applications in fields
such engineering and medicine.

Especially relevant would be to study the capabilities of hierarchical particle
filters, as the brain is deeply hierarchical in nature. While there are some studies
on the subject |19], the literature remains sparse.
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Theoretical foundations Our theory attempts to perform approximate inference
with a spike-based representation. The representation offers several unique chal-
lenges which make it hard to reason about its efficacy in performing inference.

The first concerns the change of variables discussed in the limitations. We
naively applied the change of variablies to obtain a discrete approximative distri-
bution. Our results showed that this naive application allowed us to effectively
perform approximate inference with discrete variables. To further understand
coding in the brain, we would require a more general theory of discrete approxi-
mations to continuous distributions.

The second concerns more complex models and non-linear representations. Our
theory showed that spike-based inference can always be written in terms of the
spiking condition of the SbS framework. The spiking condition, however, is possi-
bly no longer computable if we consider more sophisticated models and non-linear
representations. Development of further theory could, for instance, facilitate a
deeper understanding of the role of non-linear computations in the brain such as
those occurring in the dendrites.

Applications to decision making One framework could provide a novel approach
to connect neurobiology, to the common link between Bayesian inference and
decision making [10]. Many standard models of decision making, such as the
drift diffusion model, can be formulated in terms of a sampling-based approach
to Bayesian inference [14]. Our model could therefore help bridge the gap between
models of decision making and models of neural dynamics.

Applications to neurobiology Our theory, as an extension of the SbS framework,
offers potential new insights into neurobiology. Leveraging the Bayesian foun-
dation of our approach, we can naturally derive neural networks that effectively
balance top-down predictions and bottom-up stimuli, surpassing the capabilities
of the existing SbS framework. Future work is required to understand how the in-
sights regarding plasticity, derived from the deterministic SbS framework, can be
applied in this more generalized setting that incorporates top-down predictions.
Furthermore, as previously stated, we believe our framework should be used to
contrast interpretations of other theories of neural function, such as predictive
coding, particularly in the context of interpreting mismatch experiments.

In conclusion, while our extended framework is still in its infancy and requires care-
ful interpretation, it presents a unique perspective for understanding neurobiological
phenomena through a Bayesian lens. Our framework is sufficiently different from es-
tablished theories, such as predictive coding, opening potential avenues for contrasting
them. As this theory matures, it may offer alternative perspectives on brain function
and further elucidate complex neural processes.
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A Variational Inference

A.1 Cost-Prior equivalence

We want to show that the optimisation with respect to py of the loss

£ = {C(8))patso + Dice [pu(s | %) || polé(s) | x)] (142)

is equivalent to the optimisation of the KL divergence between py and a new generative
model pg

Dxr, [pu(s | %) || polc(s) [ x)], (143)
with pp defined as
Po(x;, €(s)) < po(x | €(s)) po(€(s)) exp(—C(s))

vV
effective prior

and so the cost C'(s) can be understood as an additional prior on the generative model
po. This result is inspired by the model of bounded rationality of Orthega and Braun
[54].
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Proof. The key is to write out the explicit form of the KL divergence
(C(8))putsi) + Dxw [pu(s [ x) || po(€(s) | x)]

=(—log (exp(—C(8))))py (sx) + <10g (%)> (slx)

- <10g (pe< e c<s>>) >W<sx)
:<10g( <(<S§|ic>>>mx> log (Zp@ )| ) exp(~ c<s’>>>

=Dk [pu(s | x) || po(€(s) [ x)] — log Zg(x).

with

Zp@ ") | x)exp(—C(s"))

As the term containing Z¢ does not depend on py we have obtained our equivalence.

O
A.2 Convergence in probability
Here we motivate the statement that for 4t — 0 the probability distribution
Palse | xi) o (68)%% exp ( =) " S'(L(e', %) — L(0,x,)) + O(s?) ) (144)
will converge in distribution to
w(se | x¢) Hpq, st xy) (145)
with
pulsi=1]x%,) = 6t exp ( —(L(e, %) — L(O,xt))> (146)

As we work with discrete distributions, we simply have to check that the probability
for a specific event s; will converge.

We do this by noting that for decreasing dt, the probability of simultaneous spiking
will go to zero with order O(6t?) for both distributions py and p§. Next we note that
for a vector s; with a single non-zero entry, the spiking probabilities are identical up
to a constant determined by normalization. Then finally, as the non-zero entries will
not contribute to normalization, the probability of no spike will converge to the same
value as demanded by normalization.
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B Simulation details

The code for this project will be made available on GitHub. We list here the simulation
parameters used to generate the figures. In all simulations we used a discretization

timescale of 4t = 1lms and a kernel timescale of 7 = 150 = lms.

Parameter Value Description
n 10 number of neurons
v 0.002 cost on spiking
7 0, 0.5 cost on repeated spiking
p 1-10°¢ decoder
Table 1: Simulation parameters of figure
Parameter Value Description
v -3 cost on spiking
D 2.5 decoder scalar
o 1 observation precision
Be 0.2 prior precision
Cp ) prior mean
Table 2: Simulation parameters of figure
Parameter Value Description
v 0. cost on spiking
d 3 decoder scalar
o 1 observation precision
Be 0.2 prior precision
Co ) prior mean
Table 3: Simulation parameters of figure

The initial values for D, ~ N(1073,107*) were chosen to be generally positive as
to stimulute activity in the initial phase of learning. The values for P, were chosen to
be normalized Gabor patches.
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Parameter Value Description
v —3. cost on spiking
d 3 decoder scalar
o 1 observation precision
Be 0.2 prior precision
Co ) prior mean
Table 4: Simulation parameters of figure
Parameter Value Description
n 25 number of neurons
T 100 ms kernel timescale
v -2 cost on spiking
d 1 decoder scalar
B 10 observation precision
Be 0.3 prior precision
Co ) prior mean
ol 1-10°¢ learning rate
Table 5: Simulation parameters of figure
Parameter Value Description
n 20 number of neurons
Tp 10 ms low-pass timescale
v 0 cost on spiking
d 1 decoder scalar
o 1 observation precision
Be 1 prior precision
ol 1-107* learning rate

Table 6: Simulation parameters of figures and
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